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BBEJAEHHUE

B Xx03s1iCTBEHHOI MpaKTHUKE YeJOBEKa MaTeMaTHKa HCIOIb3yeTCsS ¢ MOMEHTa
CBOETO 3apoKAcHMs. Ha TpOTSKEHWH ThICSYCNeTUH apudMeTHKa W TEeOMETpHs
NPUMEHSITUCH JJI pa3HOOOpa3HbIX M3MEPEHUI U BRIYHCIIeHH. JlanpHeiee pa3BuTre
MaTEeMAaTHUKH JI0JITOC BPEMS OTIPEIECSIIOCh B OCHOBHOM OTPEOHOCTSIMH €CTECTBEHHBIX
1 TEXHUYECKUX HAyK, a TaKKe BHYTPEHHEH JIOTMKOW Pa3BUTHS MATEMATHUKH. 3aTeM
BO3HHKJIA HACyIIHAs TMOTPEOHOCT, B MAaTeMAaTHKE NPUMEHUTEIBHO K cdepe
COIMAJTBHBIX M TYMAaHUTAPHBIX HayK. MaTeMaTHdecKue TEOpUU U METOIbI OYKBAITBHO
MIPOHM3AIM BCE APYTrHe HAyKu. Bpsia aum MOXHO ykazaTh chepy NMPaKTHIECKON U
TyXOBHOM JEATEILHOCTH YEJIOBEKa, TJ¢ HE TNPHUMEHSIOTCS Cceldac METOIbI
MaTeMaTu4yeckoro uccieaoBanusi. CoBpeMEHHbIN YKOHOMUCT, KOTOPOMY MPUXOIUTCA
paboTaTh B YCIOBUSIX PHIHOYHON KOMIBIOTEPU3UPOBAHHON SKOHOMUKH, HE MBICITUTCS
0e3 3HaHul B 00J1aCTH MOJICIMPOBAHNS YKOHOMUYECKHUX sABJIeHU. Korma Mbl roBopumM
O MIPUMEHEHUU MATEeMaTUKU B YKOHOMHKE, TO UMEEM B BHIY HE MPOCTO MPOBEJICHUE
Pa3IMYHOTO POJIa SKOHOMHUYECKHUX PACUYETOB, a HMCIOJIb30BAaHUE MAaTEMATUKH IS
M3Y4YEHUSI HPKOHOMHYECKUX 3aKOHOMEPHOCTEH, TOJYUYEHHsS] HOBBIX TEOPETHUYECKHUX
BBIBOZIOB, HAXOXXJICHHUS  HAWIYYIIUX  COIMAIBHO-d)KOHOMUYECKUX  pEIICHUH.
DKOHOMHKO-MAaTeMAaTHUYECKUE  METONbI,  Oa3upyromuecs Ha  COBPEMEHHBIX
TOCTIKCHUSX B 00JIACTH YKOHOMHYECKOW TEOPUH, MATEMAaTHKU U MH(GOPMAITMOHHBIX
TEXHOJIOTHH, 000TalaT 3KOHOMUIECKYI0 HAyKy U CIIOCOOCTBYIOT €€ Mepexoy Ha
HOBYIO, 0OoJieeé BBICOKYIO CTYMEHb. OJTO OO0ECHeurMBaeT HE TOJIbKO JIydllee
YVIOBIICTBOPEHUE  HEMOCPEJACTBEHHBIX  3alpPOCOB  MPAKTUKH, HO W  HOBBIHA
TJIOJTOTBOPHBIN TIOJIXOMI K PEIICHUIO KPYMHBIX TEOPETHYCCKUX MPOOJIIeM B caMoOu
HPKOHOMHUYECKOH Hayke. [[puMeHeHrne SKOHOMUKO-MAaTeMaTHUYEeCKUX METOJIOB MOXKET
ObITh 2(PPEKTUBHBIM TOJHKO MPU HATUYHH BHICOKOKBATU(DHUIIUPOBAHHBIX KaJPOB.
YtoOBI MPUMEHSATH MATEMATUKY KaK METOJI UCCIIEIOBAHUS, BAXKHO OCO3HATH M XOPOIIIO
YCBOUTh CYITHOCTh M B3aUMOCBSI3b €€ OCHOBHBIX HJAEH W TOHSATHH, OBIAACThH
MPOIIECCOM TBOPYECKOTO, a HEe (POPMATHLHOTO MBIIUIEHU. 3a7a4a 3TO HE MPOCTasi, HO
pemaeMa KaXIbIM, KTO CEpbe3HO U TMOCIEAOBATENIbHO 3aiMeTCs HW3y4YeHHEM
MaTEeMaTHUKH.



PA3JIEJI |. DJIEMEHTHI BEKTOPHOM AJITEBPBI U
AHAJIUTUYECKOH TEOMETPUN

I'naBa 1. Bektopsl B R3

1.1. OcHoBHBIE cBeaeHHsI 0 BeKkTope. JIMHelHbIE onepanmuu HajJ
BEKTOPaMH

BenuunHbl, KOTOpBIE MCIONB3YIOTCS HA MPAKTUKE, MOXHO pa3/eiuTh Ha JBa
Buaa. OQHM U3 HUX 33at0TCsl OAHUM YHCIIOM (HalpuMep, AJIMHA OTpe3Ka, LIeHa OAHON
€MHUIBI HEKOTOPOT'O TOBAapa M T.I1.) B HEKOTOPBIX €IMHUIIAX U3MEPEHUS (JIJIMHA B CM,
M, WM KM, IIeHa TOBapa B I'pUBHAX, pyOasx W T.I.). Takue BEITUUYHHBI HA3BIBAIOTCS
CKANAPHBIMU 6EIUYUHAMU VI TIPOCTO cKanapamu. Hapsany ¢ 3TUM HCIOJIB3YIOTCS
BEJIMYUHBI, ISl XapaKTEePUCTUKU KOTOPBIX HEIOCTATOYHO JIMIIb OJHOW CKAJISAPHOU
BEJIMYUHBL. PaccMoTpuM ceomempuueckoe onpedenenue sexkropa B Rz. Bekmop — 310
HaIpaBJeHHbIM OTpe30K. YToObl H300pa3uTh BEKTOP B JIEKApTOBOM CHCTEME
KOOpPJIMHAT, HEOOXOUMO 33JaTh HAIPABJICHUE BEKTOPA U €ro JJIMHY, Ha3bIBAEMYIO

TaKxe Modyaem Bektopa. O6o3HayaeTcs BekTop a win AB, rie Touka 4 — Havano
BEKTOpa, TO4YKa B — KOHell BeKTopa. Moayiib BeKTOpa 0003HAaYaeTcs ‘3‘ = a u

‘AB‘ = AB. BekTop, KOHEI KOTOPOT0 COBIAAAET C €r0 HA4aJIOM, Ha3bIBACTCS HY/1€6bIM

BEKTOPOM. Moynb HyJEBOro BEKTOpa paBeH HyJ0. BeKTopbl Ha3bIBAIOTCS
KOJLTUHeapHvIMU, €CII OHU PACIIOJIOKEHBI HAa OJTHOM WM HA MapaJIJIeIbHBIX MPSAMBbIX.
JIBa BekTOopa OyaeM CUYUTaThb PAGHBIMU, €CITU OHHU KOJUIMHEAPHBI, OJUHAKOBO
HaIpaBJICHbl 1 UMEIOT PaBHbIE JTTUHBI. MOXHO CKa3aTh, UTO 3TO OJMH U TOT K€ BEKTOP,
HO TIEPEHECEHHBIN B IPYrO€ MECTO.

Jluneitnvle onepayuu Hao eeKmopamu
1. YMHOkeHHe BEKTOPA HA YHUCJIO.
Ilpoussedenuem eexmopa a na uucro K HaszpiBaercs BekTop b ka,
KOJUUIMHEAPHBIN BEKTOPY & , UMEIOIINI OJJTMHAKOBOE HAIIPABJIEHNUE C BEKTOPOM & IMpHU

k > 0, mporuBononokuoe nmpu kK < 0 wu ‘b‘ = ‘k‘ . ‘é‘. B wactHOCTH, eciun

b =(-1)- @ =—a, 1o BekTOp b =—a Ha3BIBACTCSA NPOMUBONONOICHBIM K BEKTODY A .

2. CnoxeHue BEKTOPOB.

JIist crioskeHusi BEKTOPOB MOYKHO MCIIOJIB30BAThH JIBA MTPaBUJIA.

ITepsoe npasuno (npasuno napaiierozpamma): 9To0bI CIOXKUTH JIBa BEKTOpa &
v D, mepeHocAT HayaloO BEKTOPOB B OJHY TOYKY, 3aTeM HA HHX CTpOST
napajuiesorpaMm. Jluarosanp mapajienorpaMma, BBIXOISLIAsl U3 ITOW Ke TOYKH,

M naeT cyMmy C = a + b (puc.1).



Puc. 1 Puc. 2 Puc. 3

Bmopoe npasuno (npasuno mpeyeonvhuxa): 9T00bl CIOXKHUTH 1Ba BEKTOPA, K
KOHITy IEpBOTO BEKTOpa HAJ0 MPHUCTABUTh HAYaj0 BTOPOTO, TOTJa CYMMOW BEKTOPOB
OyZeT 3aMBIKAIONIMA BEKTOp, T.€. BEKTOP, MAYIIUH OT Hayajila MEPBOTO BEKTOpa B
KoHel[ BToporo (puc. 2). Bropoe mpaBmiio ymoOHO HMPHMEHSATh, €CIH TpeOyercs
CJIIOKUTH O0Jiee ABYX BEKTOPOB (puc. 3).

3. BbluuTaHue BEKTOPOB.
Bbruects OT BekTOpa @ BeKTOp b —3T0 3HAYMT K BEKTOpY & MPUOAaBHUTH BEKTOP,
IIPOTUBOIOJIOKHBIN BeKTopy b, T.¢. d =a —b =a + (-b) (puc. 4).

V1

v

h X1 ai X2 X

Puc. 4 Puc. 5

Hapsimy ¢ reoMeTpu4yeckuM  HUCHOIB3YETCS TaKXkKe aHaaumuyeckoe
onpeoejieHue BEKTOpa.
PaccmoTpuM cHavana BEKTOp & Ha IIIOCKOCTU. OH MOJHOCTBIO ONpPEAeIseTCs
CBOMMU NIPOCKIHUSAMH a1 U d2 HA OCU KOOPJHUHAT.
3anuceiBaeTcst 3T0 B BHAe a=(8,d,). Uucnma a1 u &y Ha3bIBAKOTCA

KOOpJuHaTaMu (KOMITIOHeHTaMH ) BekTopa a . [IycTh Touka A (x1, y1) — Ha4aJio BEKTOpa
a, a touka B (x2, y2) — ero xoner (puc. 5). Torma
a=AB=(X; =X, Y2~ Y1)
BekTop, nMeromuii 1Be KOOPAMHATHI, Ha3bIBaCTCS 08ymepHbim. COBOKYITHOCTD
BCEX JBYMEPHBIX BEKTOPOB 00pa3yeT IBYMEPHOE BEKTOPHOE IPOCTPAHCTBO Ry.



AHaJIOTUYHO B MPOCTpaHCTBE R3 BEKTOp & MOXHO 3ammcath B BHUJIE
a=(a;,a,,a;), Tae a1, az, as — KOOPANHATH BeKTOpa. Ecnm M3BeCTHBI KOOPAMHATHI
touek A(X1, Y1, Z1) 1 B(X2, Y2, 22), To Bektop AB=(X, —X{, Yo — Vi, Zp —Z;).

B wacTHOCTH, BCe KOOPAWHATHI HYJIEBOI'O BEKTOPA PABHBI HYIIIO.

JlBa BexTopa @ =(a;, a,, a3) u b =(by, b,, by) HaseBatoTCA pasusLmu, eciu
PABHBI HX COOTBETCTBYIOIIIE KOOPAMHATHI, T.¢. ectu & = by, i = 1, 3.

HaI[ BCKTOpaMH, 3aJldHHBIMH B AHAJIUTHYCCKOM BHIAC, MOKHO BBbIIIOJIHATDH
JIUHEIIHbIE onepauyuu.

1. YMHOXkeHNe BEKTOPA HA YHUCJIO.
[IpousBenennem BekTopa a =(a;, a,, a3) Ha 9ucio K Ha3pIBaeTCS BEKTOP

ka =(ka,, ka,, ka;).

2. Ci10:keHue BEKTOPOB.
Cymmoii BektopoB @ = (84, a,, 83) u b =(b;, by, by) Ha3EIBaeTcs BexTOp
a+b=(a +b, a,+b,, a;+h;).

3. BolunTaHHe BEKTOPOB.
Pa3HOCTBIO BEKTOpOB & M D HAa3bIBAETCSI BEKTOP

a+(-)b = (a, —b, a,—b,, a;—h,).

Herpyano mpoBepuTh, 9YTO BBEJCHHBIC TaKMM OOpa3oM JIMHECHHBIC OIEpaIiuu
HaJl BEKTOpaMH, 3aJlaHHBIMH B KOOPJUHATHOW (hOpMe, COTIaCyrOTCS C JTUHCHHBIMH
onepanusiMH HaJl BEKTOpaMH, 33JITAHHBIMUA B TEOMETPUUECKOM BHUJIE.

N3 onpenenenns TMHEWMHBIX ONEpanil HaJ BEKTOPAMU BBITEKAIOT CIICIYIOIINE
CBOMCTBA:

1) a+b=b+a; 2) (@+b)+c=a+(b+0);
3) k(@a+b)=ka+kb; 4) (k, +k,)a=ka+k,a;
5)a+0=a; 6) a+(-a)=0.

Mycts a=(a;,a,,a3) u b=(b, by, by) — kommnueapusie Bextopsl. Torma

BEKTOPp @ MOXHO BBIPA3UTh YEPE3 BEKTOP b B Buge a=kb. Orcrona [10JIy4YaeM.
(a1, az, as) = k(bs, by, bs) = (kby, kb, kbs). U3 paBencTBa BekTOpOB Clieayer:

a; = kbl, ) = kbz, dz = kb3
W3 3THX COOTHOILICHHUH TIOJyYaeM YC106Ue KOJLIUHEAPHOCHU TBYX BEKTOPOB:
a a, a,

b, b, by
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IIpumep.

Haner Toukn A(l; —2; 3), B(3; y; 1), C4; 1; 3) u D(5; —2; z). Ilpu xakux
3HayeHusx Y u Z BekTtopel AB u CD OyayT KoJmmnHeapHbBIMU?

Pewenue.

Haxomaum koopaunatel BekTopoB AB u CD u 3anuceiBaeM 3TU BEKTOPBI:

AB =(2;y+2;-2), CD =(1;-3;z-23).

JIJisi HaxOKJEeHUS HEU3BECTHBIX BEJIMUMH Y W Z BOCIOJB3YEMCS YCIOBHEM

KOJUTHHEAPHOCTH JIByX BEKTOPOB:

2_y+2_ -2
1 -3 z-3
3TO paBHOCI/IJ'II)HO BBIIIOJIHCHU IO ABYX paBeHCTBI
y+2_2
-3 y+2=-6, y =-8,
—2_2_ 22—-6=-2; 7=2.
z-3

Takum 06pasom, Bektopbl AB u CD GyayT KOJUIMHEApHBIMH IIpH Y = —8 1
z=2.

1.2. lejieHne oTpe3Ka B 3aJaHHOM OTHOLIEHUH

[Tycts Touxu A(X1, Y1, Z1) 1 B(X2, Y2, Z2) — koHIIBI OTpe3ka AB, a Touka M(X, Y, 2)

JEIUT 3TOT OTPE30K B OTHOLLIEHUH MB = A. TpebyeTcs HaiiTh KoopAUHATHI Touku M.

Puc. 6

Bekropsl AM u MB KOJUTMHEApHHI (puc. 6). Mcnonb3ys oTHOLIEHUE % =A

, MOJKHO 3aIucarthb AM =1 MB. 3anucsiBasi BEKTOPBI AM u MB B KOOpJAWHATHOM
dhopme, ToryyaeM:
(X=X, Y=VY1, Z—21) = AX2— X, Y2, Z2—2).

N3 paBeHCTBAa BEKTOPOB UMEEM:



X—X1= AX2 —X); y—Yy1=AUy2-Y); Z—171= M22—-2).
OTCIofa HOTy4aeM KOOPIUHATHI TOUKH M:
X+ AXy . Y+ AY, Z_Z1+122

1+ 1+ 4 1+ 4
B gactHocTH, ecnmu M — cepenuna otpeska AB, To A=1wu
_ Kt X, yZY1+y2 .o, hth
2 2 2
IHpumep.
Janbl Touku A(1; —2; 0) u B(3; 2; 4). Otpe3ok AB toukamu Cu D nenurcs Ha
TpH paBHbIC YacTU. HaliTH KOOPIUHATHI TOYCK JCTICHHUS.
Pewenue.
I[To ycnoBuio otpe3ok AB nenutcs Toukamu C, D Ha Tpu paBHBIC YacTH, T. €.
AC =CD =DB.

| | | | Jmst ouxu C /1:A—C:1.
CB 2
A C D
Hcnonb3ys ¢GopMysbl IUIsl BBIUYMCICHUS KOOPAMHAT TOYKU
JIeTICHUS, TTOTyYaeM:
1 1 1
1+—--3 —-2+—--2 O+—--4
X =2 2.y o 2 _.2. . _"~ 2 _4
c= =5 Y= =T5r < =5
1+1 3 1+1 3 1+1 3
2 2 2
2 4
Takum oOpa3om, MOTYyUUITH TOUKY C(— —3 g)
Jlns Touku D /1—£=2.
DB
_1+2.3 7. -2+2-2 2. 0+2-4 8
Xp= =5 Yo=——F =5 Ip= =—.
1+2 3 1+2 3 1+2 3
[Tosryanm TOYK D(Z 2. §)
y y 373 3

1.3. CxaasipHoe npou3Be/eHNe BEKTOPOB

CKanapuvim npouseedeHuem JAByX BEKTOPOB & U D Ha3bIBACTCS YMCIIO, PABHOE
MPOU3BEACHUIO JIJTMH dTUX BEKTOPOB Ha KOCUHYC yIia ¢ MEXIy HUMHU:

(a,b)=a-b =|al-|b|cose.
Ecrn BekTopsl @ M D 3a71aHBI CBOMME KOOpAMHATAMH, T. €. d = (8, &y, 83) U

b = (b, b,, b;), To ux ckanApHOE MpPOM3BEaEHNE ONpeEENseTcs Ho hopMyIIe:

8



3 OIIPCACIICHUA CKAJIAPHOI'O IIPONU3BCACHUA BBITCKAIOT CICAYIOIINC ceolicmea
CKaJIIPHOTO ITPOU3BCACHU:

1. (a, b) = (b, a);

2. (1a, b)=(a, Ab)=A(a, b);

3.(@a+b,c)=(a, c)+ (b, ©);

4, CKaJI}IpHOG IMPOU3BCACHHUC PABHO HYJIIO TOrda MW TOJIBKO TOraa, Korda

BEKTOPHI @ W D opToroHajbHBI (MEPIECHAUKYISAPHBI). TakuM o0pazom, yciosue
OPpMO2OHAILHOCMU  IBYX BEKTOPOB UMEET BUJI:

(ﬁ, 5) = albl + a2b2 + a3b3 = 0 .

PaccMoTpuM HEKOTOPBIE HpUMEHEHUA CKANAPHO20 RPOU3EEOCHUS.
1. BoruuciieHue JJIMHBI (MOAYJIs1) BEKTOPA.
Paccmotpum ckanspHoe npoussezcHue (a, a):

(@ a)=|al-|ajcoso =[a]’.

Otcrona nomydaem popmyny: [ =4/(a, @) .
Eciu BekTop @ 3ajaH KoopAMHATamu, T. €. a=(a, a,, a3), €ro JUIMHY

al=\/(a, a)=/a’ +a2 +al.

2. BorunciieHne pacCTOSHUS MeKAY IBYMSl TOUKAMM.
TpeOyeTcsi BBIUUCIUTH PACCTOSIHUE MEXAY JABYMS 3aJaHHBIMH TOYKAMU

Mu(X1, Y1, Z1) 1 Ma(Xz, Y2, Z2).
Haxonum xoopaunatsl Bektopa MM, :
MMy =(X2 =X, Y2 = V1. 2 = 7y).
Paccrostane mexny Toukamu M; u M, —ato nuna Bektopa MM, , T. €.

BBIYHUCIISiEM 110 (popMyiie:

MM, = ‘Mle‘ = \/(Xz =x)* + (Y2 = Y1) +(2, - 2,)°
3. Bolunc/Ienue yria Me:k1y BeKTOPaMH.
U3 cootHomenus (a, 6)2‘5‘-‘5‘-005@ (¢ — yrom Mexmy BekTopamu a, b),

MOJIy4aeM:

Q|
O

(

a

)

COSp =

ol



Ecmu Bektopel @, b 3amaner koopauHatamu, TO Yyroin ¢ MeXIy BEKTOpaMH
HAXOJUM TIPU MOMOIIH (POPMYJIBIL:

ab +a,b, +ajb,
\/af +al +a’ -\/bf +bZ +b?

COSQ =

4. BerunciieHne IPOEKINA BeKTOpa 4 Ha 0Chb, ONpeIeIsieMy0 BeKTOpoM D |

[Ipoekmueii BeKTOpa @ Ha 0Ch, ONPEACIAEMYIO BEKTOPOM b , SIBIIIETCS OTPE30K
AC (puc. 7).

(a,b)_(a,b)

al-b| o

mp; @ = |al - cose = |a] -

Takum o6pazom,

_(a,b) _ ab, +a,b, +a,b;

B Jorebibl

A C b np;

Q)|

Puc. 7

5. BorunciieHne HaNPaBJISIOMMX KOCHHYCOB BeKTOpa a .

[Myctb «, B, ¥ — 3TO yIIabl MEXIY BEKTOPOM a H IOJIOKHUTEIHHBIMU
HanpaBieHusimu oceit Ox, Oy, 0z. Torma COSa, COSf, COSy  Ha3bIBAIOTCS
HAIPABIIIOIMMHU KOCHHYCaMH BEKTOpa a .

Yron a — 3To yroil MeXIy BEeKTOpoM « = (i, az, as) u BektopoMm (1; 0; 0),
uMmeronuM Hamnpasiienne ocu Ox. Mcomnb3yst opMyity JUisl HAaXO0XKICHUS YTIIa MEKITY
BEKTOPaMH, HaXOAUM COSc.

% &
Cosq = = = ——e.
‘a vartaztas
AHaAJOTUYHO MOJIy4YaeM:

a a a a
cosp= 2 = 2 cosy= —3 = 3

&l Jaitaitad @l Ja?+ad+al
Ipumep 1.
Haiitu yron B u nnuny menuansl BK tpeyronsauka A BC, 3Has KOOPAUHATHI €TI0
sepund 4 (3; —1; 5), B (0; -1; 1), C (1; -3; 3).
Pewenue.

Yroun B —5T0 yron Mex1y BeKTOpaMH BAu BC (puc 8). Haxonum KoopArHATHI
BekTopoB BA, BC u ux niuHbI:

BA=(3;0;4); |BA=+9+0+16 = V25 =5;

10



BC=(1,-2;2); [BC|=+1+4+4=09=3

CrnemoBaTenbHO:
B cos,B = oA BC _3+0+8 11,
‘54 : ‘BC‘ 5.3 15
/B = arccosE.
15

Jis  HaxXoXKIeHWs JOIUHBI MeauaHbl  BK

v BbIUKCIsAEM KoopauHatel Touku K. Touka K ngemut
A K Cc  cropony AC Ha paBHble yacTu (4 = 1), mostomy
X X
Puc. 8 xg = ATC _g; y =YATYC_ o,
2 2
Zp +12
ZK — % =4 ’

T.c. uMeeM K (2;-2; 4).
Torna BK = (2;-1;3) u |BK| = V4+1+9 = J14.

Ipumep 2.

[Ipu KakOM 3HAYEHUU X BEKTOPHI AB u BC OylyT OPTOTOHAIBHBI, €CITU 3aJJaHbI
touku 4 (2; 1; -3), B (x; 3; -1), C (1; -1; 6)?

Pewenue.

3anuchiBaeéM BEKTOPHI AB u BC:

AB = (x-2; 2; 2);
BC =(1-x;-4;7).

Bekrtopsl AB u BC OyIyT OPTOrOHAJIBHBIMU, €CIH AB-BC =0, 1. c.
(x-2)-(1-x)—-8+14=0.
Pemaem 310 ypaBHEHUE:
X—X*—2+2x-8+14=0,
—x*+3x+4=0,
x* —3x—4=0.

CnenoBaTesbHO:
X1 = —1; xp =4,

Takum 06pa3om, BEKTOPbI AB u BC OyIyT OPTOrOHAJILHBIMU B JIBYX CIy4asix:
;= -1,1.e. B/(-1;3;-1)m x,=4,1.¢e. B,(4;3;-1).
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I'naBa 2. Bektopsl B Ry

2.1. OcHOBHbIE MOHATHSA U ONIPeieIeHUsI

BexkTopoM B R, Ha3bIBaeTCsA yMOPSIOYCHHBIH HAOOp M3 N BEIIECTBEHHBIX
yucen ay, ay, ..., an, HA3bIBAEMbIX KOOPJAMHATAMHU HIIH KOMIIOHEHTAMHU BEKTOPA.

3anuchkiBacM 310 B Bujae a = (ag, ay, ..., an).

BekTop, y KOTOpOro BCe KOOPAUHATHI PaBHBI HYIIIO, HA3LIBAETCS HYJEBBIM.

Bekrop a= (ai, az, ..., a,) pased Bekropy b = (by, by, ..., by), ecmm ai =b;, 1 =1, n.
Jluneiinvle onepayuu naj BeKTOopamMu B R, BBINOJHSIOTCA TaK e, Kak U B Rs.

1. YMHOKeHHE BEKTOpa Ha YHCJIO.
[TpousBenenue BekTopa @ = (ay, ay, ..., &y) Ha yucio K ecTb BEeKTOp

ka = (ka, kay, ..., kan).

2. CJjio:keHHe BEKTOPOB.
Cymma BekTopoB a = (ai, @z, ..., an) u b =(by, by, ..., by) ectb BekTOp

a + 6 = (3.1+ b1, ay + by, ...,ap t bn)

3. Pa3HoCTH BEKTOpPOB.
Pa3HocTh BEKTOPOB @ U D ecTh BEKTOp

a— 5 :(al—bl, az—bz, ...,an—bn).

Bektoper 8 u b xommueapsl, eciaun & = kb. M3 atoro paBeHcTBa mojydaem
yciogue KoJUIUHeapHOCMmU JIBYX BEKTOPOB:

q a a
by b, by )
Cranapuvim npouszeedenuem BekTopoB a = (ap, az, ..., an) u b = (by, by, ..., by)

Ha3bIBACTCA YHCJIO, paBHOC CYMMC HpOI/IBBe,Z[eHI/Iﬁ OJHOUMMCHHBIX KOOpAHWHAT:

n
(a,b)=a-b=ab,+a,b,+...+a,b,=> ab;.
i-1
CkanspHOE IPOM3BEIECHUE BEKTOPOB B R, HMeEET Te K€ CBOICTBa, 4YTO H
CKaJIIPHOE IPOM3BEIECHUE BEKTOPOB B Ras.

JlnuHoi BekTopa a = (@i, Az, ..., @n) HA3BIBACTCS YHCIIO \E , paBHOE

al = \/alz +as+..+a’ .

12



YTJ0M MeXTy HEHYJIeBbBIMH BekTopamu & = (a1, @z, ..., an) U b= (b, by, ..., by)
Ha3bBatoT yroa ¢ (0 < ¢ < 1), KOCHHYC KOTOPOTO paBeH
a-b
al- )
BekTopsl & 1 b Ha3BIBAIOTCS OPMOZOHANLHBIMU, ECITA
(a,b)=aby +ah,+ ...+ ab,=0.

cOSp =

Ipumep.
JlaHBI BEKTOPBI
a=(2;-1,3;4),b =(-1,-4,-2;1), ¢ =(5,1,-3; 3).
Tpebyercs:
1. Haiitu BexTop
d =2a +b -3c;
2. TIpoBepHTh, €CTh JIM CPEaU BEKTOpoB @ , b, C opToronamsHsle.
Pewenue.
1.d =2a +b —3C =22, -1; 3; 4 + (-1; 4, -2, 1) - 3(5; 1; -3, 3) =
=(4-26,8)+ (-1, 4,-2,1) - (15,3, -9, 9) = (-12, -9, 13, 0).
2. BeruucnseM cKaiasipHble IPOU3BEICHHS BEKTOPOB:
(a,b)=—2+4-6+4=0 = BekTOpH @ M D OPTOTOHANBHBIE.
(a,c)=10-1-9+12# 0 = BekTopel & W C HE OPTOTOHAIBHEIC.
(b,C)=-5-4+6+3=0 = BekTopsl b m C oOpTOrOHaIBHBIE.

2.2. JIuHeiiHas1 3aBUCUMOCTDb M HE3AaBHCUMOCTH BEKTOPOB

Jluneiitnoi kombéunayueii BEKTOpoB a;, a,, ..., d, HA3bIBACTCS BBIPAKCHUE
BHUJIA
kg, +k,a, +...+K,a,.
PaccMoTpum noHATHE TMHEMHON 3aBUCUMOCTH M HE3aBUCUMOCTH BEKTOPOB.
Onpenesnenue 1.
Bexkrope! @, a@,, ..., a,, Ha3bIBAIOTCA IUHEIUHO HE3A6UCUMbBIMIUL, €CITA PABEHCTBO

klgl + kzgz + + kmam:O

BBIMOJIHSACTCS TOJBKO IpH K1 = Ko = ... =k = 0. Eciut %e 3TO paBeHCTBO BBIMTOJIHSACTCSI
npu koddduimentax K;, cpert KOTOPBIX €CTh XOTs OBl OJTUH OTJIIMYHBIA OT HYJIS, TO

BEKTODHI 4, A, ..., 4, JIUHEHWHO 3aBUCHUMBI.

Onpenesienue 2.
Bekrops! @, @,, ..., @, Ha3bIBAIOTCS JUHEUHO 3A8UCUMbBIMU, ECIIA XOTS Obl

OJIMH W3 BEKTOPOB SBISETCS JIMHCHHON KOMOMHAaIued ocTaabHBIX. Ecimm ke 3To
HEBO3MOKHO, TO BEKTOPbBI JINHEWHO HE3aBUCUMBI.
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YT1BepikaeHue.

Onpenenenue 1 u onpeneneHue 2 YKBUBAJICHTHBI.

Jlokazamenbcmeo.

1. Ilycte BexTop®l &, &,, ..., &, JUHEHHO 3aBHCHMBIE B CMBICIIE IIEPBOIO

ompezeneHus, T. €. paBeHcTBO K, & +k,a, +...+K,a, =0 BbImomHsercss mpu
kodddunuentax K;, cpeau KOTOpHIX e€CTh OTIN4YHbIe OT Hyms. IlycTs, Hampumep,
k, # 0. Haxonum BekTop @;:

~ k, kg _ Kp -
a=-2a->a-.——"a,.

k k k

1 1 1
Takum oOpa3oM, BEKTOp @, SABJSETCSA JIMHEHHON KOMOMHAIMEH OCTalIbHBIX

BEKTOPOB; 3TO O3HAa4YaeT, 4YTO BEKTOpPBl &;, a,, ..., 4, SABIAIOTCA JIMHEHHO

m
3aBHCUMBIMHU B CMBICIIE BTOPOI'O OIIPEACIICHUS.
2. Ilycte BekTOpHI @, @5, ..., a, JUHEHWHO 3aBUCUMBI B CMBICIE BTOPOTO

onpenenenus. Torga XoTs Obl OJUH U3 BEKTOPOB SIBISETCS JIMHEHMHON KOMOMHALIUEH
octanbHbIX. IlycTs, Hampumep, & =k,a, +K,a; +...+K,,_,a,. 13 310il 3aBUCHMOCTU
noityuyaeM: a, —ka, —...—Kk,,a, =0, uTo 0o3Ha4aeT, 4TO BEKTOPHI &, 8y, ..., ap
JHMHEIHO 3aBUCUMBI B CMBICIIE TIEPBOTO ONPEACICHUS.

W3 onpeneneHys TMHENHONW 3aBUCUMOCTH BBITCKAIOT CIEAYIOIINE YTBEPIKACHUA:
1) ecniu Bekropwel @, a,, ..., &, JUHEHWHO HE3aBUCUMBI, TO U JH00as UX

YaCTUYHAs COBOKYIIHOCTb JIMHEHHO HE3aBUCUMA,
2) ecnaM K JMHEWHO 3aBUCHMBIM BEKTOpaMm a,, a,, ..., d, A00ABUTb OAWH WJIH

HECKOJIBKO BEKTOPOB, TO IIOJIyYEHHAsi COBOKYITHOCTb BEKTOPOB JIMHEHHO 3aBUCUMAs.
aCCMOTPHM JINHEHYI0 3aBUCMMOCTh BEKTOPOB B mpocTpancTBax Rom Ras:
1. /lsa xonnumeapHvle 6exmopvi NUHENHO 3ABUCUMbBI;, 084 HEKOJIUHEAPHbIE
8EKMOPbl TUHEUHO HE3AGUCUMDI.
JleficTBUTENBHO, €CII BEKTOPhl &; U a, KOJUIMHEapHbIe, TO a, = Ka,. OTo u 03HaJaer,
YTO BEKTOPHI &; U @, JIMHEHHO 3aBUCHMBIE.
2. Tpu nmwobvle 6exmopa, nedxcawjue 8 OOHOU NIOCKOCMU, 6Ce20d NUHENHO
306UCUMDBL.
C PaccmoTpyM  IpOM3BOJIBHBIE  TpH
BEKTOpa a;, d,, az. Ecnm cpeau otux

BEKTOPOB €CTh KOJUIMHEApHBIE, TO
BEKTOPBI JINHENMHO 3aBucumsblie. [lycts
cpenu ITUX BEKTOPOB HET
KOoJUIMHeapHbIX. llepenecem Hauano
BCEX BEKTOPOB B OJHY TOYKY H
IIOCTPOUM Iapajuiesiorpamm,

Puc. 9
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JMArOHaNbI0 KOTOPOIO SBIAETCS BEKTOp a3 (puc. 9). M3 onpeneneHus cymmbl ABYX
BEKTOpOB HMeeM: a; = AD+ AB.

Bektop AD komnmueapeH Bektopy &, moatomy AD =k,& . Anamormuno AB=K,a,.
Takum oOpaszom, a; =k;a, +Kk,a,, 4To 1 03HaUaET IMHENHYIO 3aBUCUMOCTb BEKTOPOB.

3. Tpu sexmopa, ne nexcawjue 8 00HOU NIOCKOCU, TUHENHO He3a8UCUMDbL.
4. Yemvipe u bonee 6eKmopos ce20a TUHEUHO 3a8UCUMDbL.

Takum 00pa3zom, MaKcumaibHOe YUCI0 TUHEHUHO HE3A8UCUMBIX 6EKIMOPOE 6
Rz paeéno oéym, ¢ R3 pasno mpem.

IIpumep.
HccnenoBath Ha TMHEHHYIO 3aBUCUMOCTD BEKTOPBI
8 =(2,2,2),a,=(2;3;4), a; =(2;5;5).

Pewenue.

Bocmonp3yemcsi epBbIM ONpPEACTICHUEM JIMHEHHOW 3aBUCHMOCTH BEKTOPOB.
Ecnu paBenctBo Kk & +k,a, + k;a; =0 Bemonsstores Toabko mpu K, =k, =k; =0,
TO BEKTOPHI IMHEHHO He3aBUCUMBL. B MpoTUBHOM ke ciydae (cpean Ko3(hGHUIHNEHTOB
K; ecTh OTIIMYHBIE OT HYJIS1) BEKTOPHI JINHEWHO 3aBUCHMEIE.

klal + k2§2 + k3§3 = O =
Ki(2; 2: 2) + ko(2; 3: 4) + ka(2;5:5) =0 =

N3 paBeHCTBA BEKTOPOB MOJIy4a€M CUCTEMY YPaBHECHUM:
2k, + 2k, + 2k; =0,
2k, + 3k, +5k; =0,
2k, + 4k, +5k; =0.

Berunras u3 TpeTbero ypaBHeHus BTopoe, noiyyaem K, =0.
[Toncrasnss K, =0 B mepBoe U BTOpOE ypaBHEHUS] CUCTEMBI, TOJIy4aeM:

Pemenuem >T0M cCTEMEI ABIISIETCS
k, =k; =0.

Takum obpazom, paBeHCTBO K, &, + K,a&, + K;8; =0 BbImonmHsAeTCS TONBKO HPH
k; =k, =k; =0. 310 1u 03Hauaer, 4TO BEKTOpEl @y, a,, 83 JHHEHHO HE3aBUCHMBIL.
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Bonpocs! Aj1s1 caMOKOHTPOJISA

1. Kak onpenensiercs cymma (pa3HOCTb) BEKTOPOB?

2. MoskHO Jn coxuTh BekTopel a = (2;—1;0)u b =(0; 3; 2; —4)?

3. Kakue BekTopbl HazbiBaeTcs KoJumMHeapHbIMU? CdopMynupyiite ycioBue
KOJUTUHEAPHOCTH JIBYX BEKTOPOB.

4. 3ananbel BekTopel a = (2;-1; 1), b =(4;y;-2), C =(8; 6; —4). MoxxHO JT11 HAUTH
Y Tak, 4TOOBI:
1) BexTopsl & U b OBUIM KOJUTHHEAPHBIMH;
2) BekTophl b 1 C OBUIM KOJUTMHEAPHBIMU?

5. B kakom ciydae a = b?

6. Mo>XHO 11 HAWTH TaKoe 3HAYCHHUE ¢, PU KOTOPOM BBITIOJHSAETCS PAaBEHCTBO
a=b,ecrma =(2;-1;3;4),b=(2; ;3,2 + )?

7. Moxert nu Touka C (2; —1; 3) ObITh cepennHOM OTpe3Ka AB, eciu U3BECTHBI A
(1;2;-1) u B(3;-4; 3)?

8. 4(2;4;-1)u C (4; 0; 3) — npOTUBOIIOJIOKHBIE BEPIIUHBI MapajuieorpamMmma.
Kakue xoopauHaThl IMEET TOYKa MePEeCceUeHHs TMaroHasiei 3Toro napauenorpamma’?

9. [aiiTe omnpeneneHue CKaIspHOTO MPOU3BEACHUS BEKTOPOB. B kakoMm ciyuae
CKaJISIPHOE MPOU3BEACHHUE PABHO HYJIIO?

10. MO’KHO JIM BBIYHMCIIUTh CKaISIpHOE Npon3BezicHue BekTtopoB a = (3; —1; 0; 4) u

b =(2;1;-1; 0; 5)? )
11. Sensores im Bekropsl @ = (2;-1; 3; 1) u b = (4; 5; -1; 0) oproronansusMu?
12. 3anmanbl BekTopel @ = (-2; 1; 2) u b = (0; —3; —4). Kakoe u3 cOOTHOIICHUI
> |b|?

CIIpaBEJINBO: ‘é‘ < ‘5‘; ‘é‘ = ‘5‘; ‘é
13. B kakoM ciydac BekTopsl C =a +b u d = a — b OPTOTOHAJIBHBI?
14. Kak 3anucarthb ycioBHE JTUHEHHON 3aBUCUMOCTH BEKTOPOB A , b, c?
15. Kakoe MakcuManabHOE YHCIO JMHEHHO HE3aBUCHUMBIX BEKTOPOB MOXKHO
yka3athb B R3?
16. Mo>XHO T HalTH TaKWe 3HAYCHUS TIEPEMEHHBIX @, [, ¥, IPU KOTOPHIX BEKTOPHI

a = (e 0;0), b =(0; £ 0), ¢ =(0; 0; y) GyayT IMHEHHO 3aBHCHMBI?
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I'naBa 3. AHasIUTHYeCKAsA TeOMETPHUS HA NMJIOCKOCTH

3.1. Ilonsitue ypaBHenus Junum B R2. Ilepeceyenue qunmni

PaccMoTpuM mpsSIMOYTOJIBHYIO CUCTEMY KOOPAMHAT Ha IUIOCKOCTH. Kaxkmoit
TOYKE TUIOCKOCTH COOTBETCTBYET Mapa YHCEIl, B3STHIX B ONPEAEIIEHHOM MOPSAIKE —
KOOpJMHATHI TOYKU. BepHO u oOpaTHOe, T. €. KaKIOW Mape YUCEN COOTBETCTBYET
€AMHCTBEHHAs TOYKa MmIockocTy. Ilycth Ha mnockoctu Oxy naHa HeKoTopas JIuHus L.
PaccmoTpum npownsBonbHyto Touky M 3tou muHuu. [Ipu nepemeniennn Touku M no
JAHHOW JIMHUU €€ KOOPJAWHAThl OyAyT MEHATHCS, OCTaBasCh, OAHAKO, CBA3AHHBIMU
HEKOTOPBIM YCIIOBUEM, XapAKTEPU3YIOIIUM TOYKU STOU JIMHUU.

VYpaeaenne F(X, y) = 0 (y = f(xX)) Ha3piBacTCs ypaBHeHHeM JUHUH L, eciu
ATOMY YpPaBHEHUIO YIOBJIETBOPSAIOT KOOPAWHATHI JIIOOOM TOUKM JUHUM L u He
yJIOBJIETBOPSIIOT KOOPAUHATHI JIFOOOM TOUKH, HE JIeKaIle Ha ATON JIMHUY, T. €. JTUHUS
L — amo eeomempuueckoe mecmo mouex, y0081emeopaouux ypagHeHUuo

Fx,)=0 (y=1(x)).

VYpaBuenue Yy = f(X) HaspiBaeTcs ypaBHCHHEM JMHMHM B sIBHO#W (opme, a
ypaBHenue F(X, y) =0 Ha3bpIBaeTCs ypaBHEHHEM JIMHUH B HesIBHO# (hopMme. Bxopsiue
B YpaBHEHHE KOOPJMHATHI X U ) MPOU3BOJBHOM TOUKM M Ha3bIBAIOTCA TEKYUIHMMH
KOOpAMHATaMH TOYKH.

[IpumepoM ypaBHEHUS JTUHUH, 33JaHHOU B SIBHOM BUJIE, SIBJSETCS YpaBHEHHE

napaGonbl Y = X?; IpEMepOM YpaBHEHHS JTHHNH, 3aJaHHON B HESIBHOM BHJIE, SIBISCTCS
ypaBHeHHe OKpyx)HOCcTH (x — a)? + (y — b)? = r?. HenocpecTBEHHO U3 ONpeaEIeHUs
JIMHUM TIOJYYaeM, 4YTO JJs TOTO, YTOOBI IIPOBEPUTH, JIEXKUT JIM TOUKA HA 3aJaHHON
nuHUK L, HeoOXOAMMO MOJCTABUTh KOOPAMHATHI 3TOH TOYKM B ypaBHEHHE JIMHMH.
Ecnu 1pu MOJCTaHOBKE KOOPJAMHAT TOYKHU IOIyd4aeM TOXKIECTBO, 9TO 03HAYAET, YTO
TOUKA JIeXKHUT Ha JTUHUK L. B mpoTHBHOM cllydae Touka He NPHHAIEKHUT JUHUM L.

IIpumep 1.
[TpoBepuTh, MpUHATIEIKAT I TOUKH
M1(-2; —6) u Mx(3; 1) oxpyxnoctu (X — 1) + (y + 2)% = 25.
Pewenue.
[MoacraBnseM KoOpaAHHATHI TOUKH M1(—2; —6) B ypaBHEHHE OKPY>KHOCTH:
(-2-1)2+(-6+2)*=25=9+16 = 25.
Ortcronia BeITEKAET, YTO Touka M1 IeKUT Ha OKPY>KHOCTH.
[Moncrasisiem koopauHatel Touku Ma(3; 1) B ypaBHEHHE OKPY>KHOCTH:
(B-12+(1+2)2=4+9=25,
T. €. Touka My He JIe)KUT Ha OKPY>KHOCTH.

WHorga nMHMIO HA IJIOCKOCTH YAOOHO 3ajaBaTh CUCTEMOW YypaBHEHHi, B
KOTOPOM Ka)KJasi TeKyIlasi KOOpJMHATa €CTh HEKOTOpas (PYHKIIUS OJTHON EpeMEeHHOU
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t, Ha3pIBaeMOil mapameTpoM (B MexaHuKe 3TO Bpewms t). B sToM ciiyuae ypaBHeHUe
JIMHUHN UMECT BU.
{X=¢GL

y =w(t),
M Ha3pIBAaCTCSd ypaBHCHHEM JIMHUM B  napamempuueckoii  ¢opme. Ilpu
(buKCHpOBaHHOM 3HaYeHHH t =ty mosydaeM KoopAuHATH Xo = @(to), Y = w(to) Touku
Mo TuHuH.
Hcxmouns t u3 ypaBHenuit X = ¢t), y = y(t), nomydyum ypaBHCHHE JTHHHUA
BBugae F(X,y)=0 wnmm y=1f(X).

IIpumep 2. 3anana TMHUS B TapamMeTpuueckon Gopme:
X=r-Cost,
y =r-sint.
B03BOI[I/IM B KBaApaT KaxXJO0C PpPaBCHCTBO MW CKIIaAbIBACM IIOJIYUYCHHBIC

pPaBCHCTBA:

2 2 2
X" =r"~-Cc0S t’ -
2 2 2, 7 X2 +y?=r?(cos’t +sin’t) = x* + y* =r2.
yo=r--sin“t,
Taxkum o6pa30M, 3aaHHasd JIMHUSA ABJIACTCA OKPYKHOCTBIO C ICHTPOM B HA4YAJIC

KOOpAHWHAT.

[Mycte mansl aBe auanun Fi(X, y) = 0 u Fa(X, y) = 0.

TpebOyercss HAaTU moOuKu nepeceyeHus STUX JIUHUM.

Ecnu cymecTByeT TOUKa epeceyeHns dTUX JUHUN, TO OHA IPUHAIICKAT
Y TIepBOM 1 BTOpOM uHUAM. [103TOMY, 4TOOBI HAWTH TOUKH MEPECEUEHUS ABYX
JMHUHN, HEOOXOIMMO PEIIUTh CUCTEMY YPAaBHEHHUIA:

{Fl (x,y) =0,

F,(x,y)=0.

Ipumep 3.

HaiiTu TouKH nepecedeHus OKpyKHOCcTH X2+ Y2 =4 u napabonsr Yy = 2 — X?,
Pewenue.

Pemmm cucreMy ypaBHEHHUN:
2,2 2, 2 2
+y : +y° =4, 2-y+Yy° =4,

=
y:2—x2, x2:2—y, x2:2—y,
y'-y-2 0,:> Y1 ) Y2
x2=2-y, X2=2-y.
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Paccmotpum Yy = —1. Torma X2 =2 -y =3 = X= +43. [Tonydaem J1BE TOUKH
MePEeCCUCHUS: Ml(—\/é; - u MZ(\/§; -1).

Paccmotpum Y, = 2. Torga X2 =2 —y = 0 = X = 0. [TonyyaeM TpeTbIO TOUKY
nepeceueHus Ms(0; 2).

Takum o00OpazoM, wWMeeM TpPH TOYKHM TIEPECCUCHUS 3aJaHHBIX JIMHHM:

M, (—/3;=1), M, (+/3; 1), M3(0; 2).

3.2. llpasmasa B R2. Pazauunble ¢(opmbl 3anucu ypaBHeHHS
NpPSAMOU

1. YpaBHeHue npsiMoii ¢ yIJI0BBIM KO3 (ppuumeHTOM.

[TycTh paccmarpuBaemas npsimast iepecekaet ocb 0y B Touke A(0; b) u oOpasyer
yToJl @ C MOJIOKUTEIbHBIM HarpaBieHueM ocu 0X, TO ecTh yroi ¢ — 3TO yroi, Ha
KOTOPBI HEOOXOAUMO TTOBEPHYTH MPOTHB YaCOBOM CTpeiKu och 0X A0 COBMaJCHUS C

JTaHHOW TpsiMoid. PaccMoTpuM mpon3BobHYIO TOUKy mpsimMoit C(x, y) U TpeyroibHUK
ACD (puc 10).

A
y
C(x, y)
4 |
A ' D
b
® | R
M X
Puc. 10
CD
CD=CM-DM=y-b; AD =x; —=1go.
y AD go

Yenoevim korgppuuyuenmom K mpsimoili Ha3bIBaCTCsl TAHTEHC YIJia HAKIJIOHA

npsimoii k ocu Ox, To ectb kK=tg o (@ # %).
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CD y—Db
—=1tgp = —=k = y=kx+b.
AD 99 . y

Takum 06pa3om, ypaBHEHHUE TIPSMOM € YTIIOBBIM KOA(DMOUIIMEHTOM UMEET BUJT
y =kx+D.

Ecnu npsimas mapamiensHa ocu 0, To K = tg0 = 0 u ypaBHeHue npsmoii 0yaeT
UMeTh BUI Y = b.

Ecnu npsimast mpoxout yepe3 Hayayio koopauHat, To b = 0 u ypaBHeHHE OyeT
UMETh BUIT Y = KX.

2. YpaBHeHHe NPsIMOM, NPOXOAsilledl 4Yepe3 JaHHYI0 TOYKY B JaHHOM
HANpaBJIEHUH.

PaccmotpuM nipsiMyro, mpoxozsinyio depe3 Touky M(Xo, Yo) U oOpa3yromryro
C TIOJIOKUTEIBHBIM HampaBieHueM ocu 0X yroi ¢. 3amuimeM ypaBHEHHE MPSIMOM
B Bujie Y = kx + D. [Ipsmas npoxoaut uepes Touky M(Xo, Yo), HOITOMY €€ KOOPIUHATHI
YIOBJICTBOPSIIOT YPaBHEHHUIO TIPsIMOI: Yo = KXo + .

[Homyuwnnu:
y =kx+Db,
Yo =KX, +b.
Bpruuras u3 nepBoro ypaBHEHHs BTOPOE, MOTYyYAEM
Y — Yo = K(X — Xo).
Ipumep.

CocTaBuTh ypaBHEHHE NpSIMOH, mpoxozsmed dveped Touky M(5; -1) u
oOpasyrollei ¢ oJIOKUTENIbHBIM HampasieHuem ocu 0X yron 45°.

Pewenue.
YrnoBoii ko3ddurment npsamoit K = tg 45° = 1. Touka M umMeeT KOOpIUHATHI
Xo = 5 m Yo = -1. TloacraBisas 3HaueHUs Xxo, )o, K B ypaBHEHHE MPSMOM

Y — Vo = k(X — Xo), momygaem: y+1=1-(x—5) = y=x-6.

3. YpaBHeHue NpAMOii, NpOXoAsiliel yepe3 ABe 3aJaHHbIEe TOYKH.

PaccMoTpuM Ha MJIOCKOCTH NMPSAMYIO, TPOXOASAIIYIO Yepe3 JIBE 3aJJaHHbIC TOYKU
A(X1, Y1) 1 B(X2, Y2) (X1 # X2, Y1 # Y2) (puc. 11). ITycts C(X, Y) mpou3BoIbHAS TOYKA ITOM
npssmMou. Bektopsl AC u AB KOJUTMHEapHble. Haxoium KOOpaAMHATBI 3TUX BEKTOPOB:
AC =(x—x1,y—y1); AB = (x2—X1,y2—y1). Bocromp3yemcs ycioBreM KOIUTHHEAPHOCTH
JIBYX BEKTOPOB:

X=X Y=Y

X=X Yo=Y
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y B(X2, Y2)

v

Puc. 11

OTOMYy YPaBHEHMIO yJIOBIETBOPSIOT KOOPAMHATHI JIFOOOM TOYKH, JeKallel Ha
sron mnpsMou. ClienoBaTeNbHO, MOJYYCHHOE YPABHEHHUE W SIBIIACTCA YpPABHEHUEM
MIPSIMOU, MMPOXOJAIIEH Yepe3 IBE 3aJaHHBIE TOUKHU.

Eciu x1 = x3, TO €CTh 3aJ1aHbl ABE TOUKH mpsiMord A(Xq, Y1) 1 B(X1, Y2), To ipsimast
napauiensHa ocu Oy u uMeeT ypaBHeHHe X = x1. Eciiu y1 = yp, To mpsiMasi mapajuiebHa
ocu OX u mMeeT ypaBHEHHUE ) = ).

[Tycth 3amanbl qBe Touku npsmoir A(Xi, Y1) U B(X2, Y2) U Hac MHTEpeCyeT He
ypaBHEHHE MPSAMOH, a TOJNBKO ee yrioBoi kodhduiment k. U3 tpeyronpanka ABD
(puc. 11) Haxogum

Kk=Y2~ Y1
X2 =%

Ipumep.

Hanbl Bepmmubl Tpeyroasauka A(—1; 4), B(3; -2), C(5; 2). CocraBuTh
ypaBHEHUE MeaHbl BM.

Pewenue.

Tak kak BM MenuaHna, To Touka M — cepenuHa cTopoHbl AC, MO3TOMY

Xy+xo —-1+5 A tYy 4+2
X, = A °C = =2; v YAty =3, To ectb M(2; 3).
2 2 2 2

Menuana BM npoxoaut yepe3 Touku B u M. Bocnonb30BaBIIMCh ypaBHEHUEM
pAMOM, TPOXOIAIIEH YEPE3 IBE 3aJaHHBIC TOYKH, ITOIYy4aEM:

X—3 y+2 X—3 y+2
= - =
2-3 3+2 -1
Takum oOpaszom, ypaBHeHUE MearaHbl BM umeeT BUJ
o5x+y-13=0.
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4. O01mee ypaBHeHHE PAMOIA.
[Tycth mpsiMas 3agaHa KOOPAWHATAMH  HEKOTOpOW TOYKH M(xo, o)
KOOpJAMHATaMK BekTopa Hopmamu N=(a, b),
n HEePIEHAUKYIIIPHOTO TpsiMoit (puc. 12). PaccMotpum
N(x, npou3BoJbHYI0 TOuky mpsimori N(X, Yy). Bekrop
MN = (X — Xo, Y — Yo) IEPHCHIUKYISIPEH BEKTOpY N
=(a, b). Bocronmb3zyemcs yciioBHeM OPTOTOHATLHOCTH
nByx BektopoB (M, MN)=0 = a(Xx—Xp) + b(y—Yo) =0
= ax + by + (—axo — byg) = 0. O603HauuB C = —

M(Xo, Yo) axo — byo, HOquaeMa}),(pf]i)};/efPée:HgﬂMOH
Puc. 12 DTO U eCcThb 0011ee ypaBHEHHE NTPSIMOU.

5. YpaBHeHHe IpsIMOii B OTpPe3Kax.
[TycTts mpsimast 3a7jaHa JJIMHAMU a 1 D HalpaBICHHBIX OTPE3KOB, OTCEKAEMbIX Ha
0CSX KOOpAMHAT. DTOT CIOCOO 3aJaHusi BO3MOXEH TOJBKO B TOM Cilydae, KOrjaa
npsiMasi He TPOXOIUT Yepe3 Hadyajlo KOOPAWHAT W HE MapajulejbHa KOOPIUHATHBIM
OCsIM. YpaBHEHHE MPSAMON MOYKHO COCTABHUTb, €CJIM U3BECTHBI KOOPIMHATHI IBYX TOUCK
9TOM mpsiMoii. B TaHHOM cily4ae W3BEeCTHBI KOOPIUHATHI JBYX TOUCK MEPECCUCHUS C
ocsmu koopauHat: A(a; 0); B(0; b). Bocmosnb30BaBIIKCh ypaBHCHHEM MPSIMOI,
MIPOXOJIAIICH Yepe3 ABE 3aJaHHbIC TOUKH, TOJTyIaeM:
x—a Yy-0 X—a
= = =
0O-a b-0 —-a

=

T <

@ | x

+X:L
b

Ipumep.

CocTaBUTh ypaBHEHUE TMPSAMOM, Mpoxoisiied uepe3 Touky M(1, 2) u
oOpasyromieid ¢ OCSIMH KOOpPAMHAT B TIEPBOM YETBEPTH TPEYTOJbHHK, ILIONIAH
KOTOpPOTO paBHa 4.

A Pewenue.

y

o X
b|B HNmem ypaBHEHHE NPSMOUW B BUIE —+E:1, rae
a

a =04, b = 0B (puc. 13). Touka M(1; 2) AeKUT Ha ITOM
M IpsSIMO#A, CJIEI0BATEIbHO, €€ KOOPIAWHATHI YAOBICTBOPSIOT

0 A YPaBHEHUIO TIPSIMOM: E+§=1. Tpeyronsuuk AO0B
a

v

MpSAMOYTOJIbHBINA. Ero mimomans BeraucisieM mo Gopmyse

Puc. 13
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ab

ab
S = ? ITo ycnoButo momanb TpeyroibHuKa paBHa 4. [Tomydaem ypaBHeHHE ? =4,

Pemaem cucreMy ypaBHEHUN:

1 2 1 2 1 a 5
a b . Ja b —~Ja 4 — 8 — ’
ab 8 8 b=— b =4.
—=4 b=— b=— a
2 a a
[ToxcraBiss 3HayeHus a = 2, b = 4 B ypaBHeHHE NPAMOiA X + % =1, nonydaem
a
5+X:1.
2 4

3.3. Yroa Mexay AByMsl NPSIMBIMH Ha IUIOCKOCTH. Y CJIOBHUA
NapajJieIbHOCTH U MePHEeHIHKYJISIPHOCTH MPSIMbIX

[TycTh Ha TUIOCKOCTH 3a/aHbl aBe npsMbie Y = KiX + b1 (1) uy = kox + by (2).
Yraom ¢ wmexay npameiMa (1) u  (2)
Ha3bIBACTCSA  yroJ, Ha KOTOPBIM  HAJIO
MOBEPHYTH MEPBYIO MPSAMYIO MIPOTHB YaCOBOM
CTPENKN A0 COBIIAJICHHUS CO BTOPOU IPSAMOU
(puc. 14).

O0603HaYMM Yepe3 @1 U ¢, YIIIbl HAKIIOHA
k ocu OX mpsimbix (1) u (2). U3 pucynka BugHO,

4TO @ = P — P1.
Orciona  tgp=19(p, — 1) =

A

9p, —19¢

1+t9¢ - 99,
Tak xak tggr = ki, tger = ki, momyuaem
(opmysty

kK
1+k -k,
3aMeTHUM, YTO €CIAM OJHA M3 3aJaHHBIX
npsMBIX TapauieabHa ocu Oy, mosydeHHas
dbopmyna He umeeT cMbicha. [IycTs, Hapumep,
npsimast (2) mapamnensaa ocu 0y (puc. 15). B
ATOM ciIy4ae, Kak BUIHO U3 puc. 15,

tgp

_T_
‘ ®» 5 %
N g [Tycts mpsimbie (1) u (2) mapanienbHbI.

X Tak Kak npsMble TapajijiebHbl, OHU 00pa3yIoT
Puc. 15
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¢ ocbto OX OJIMH U TOT K€ YTOJ, TO €CTh ¢ = ¢ = tg¢p =g = Kz =K.

Takum o0pazom, ycjI0BHE NAPAIETbHOCTH JABYX NMPSIMBIX UMEET BU]T
k2 = kl.

[Tyctb npsimeie (1) u (2) nepnenaukynsipasl. Torna ¢, — @) = % = @, = % +o

. Torna tge, = tg(% + @) =—Cltgp, = _ti' YuurteiBas To, 9to tg@, = Ko, tgeon = Ky,
9o

[MoJIiydacM yCJI0BUE NEPINCHAUKYJISAPHOCTH ABYX IIPAMBIX:

1
Ky =——.
2 kl

Ipumep 1.

B mnapamnenorpamme ABCD wu3BecTHbl ypaBHEHMsI JABYX €ro CTOPOH AB:
x+2y—-4=0, AD: 2x — 3y — 1 = 0 u xoopaunats! BepmuHbl C(3; 2). Hamucatp
ypaBHeHus ctopon BC u CD.

Pewenue.

N3BecTHO, 4YTO B  MapauleIoTpaMM€  IPOTUBOIIOJIOKHBIE  CTOPOHBI
napayuiensHbel. Cropona BC mapamiensHa ctopoHe AD. Ilo ycnoBuio ypaBHeHHE

2 1 .

ctoponsl AD mmeet Bua: 2x — 3y — 1 = 0. Orcroga HaxoquMm Yy = §X ~3 YrnoBoit
2

ko3 dumument Knp = 3 N3 ycrnoBum mapalIeNbHOCTH ABYX MPSAMBIX IOJTydacM

Kgc :5. Hcnone3yss ypaBHEHME NPSAMOM, NPOXOASALIEN 4Yepe3 JaHHYH0 TOUKY B

JAHHOM HAIpaBJICHUH, 3aMIChIBAEM YpaBHEHHE CTOPOHBI BC':
2
y—2:§(x—3) = 2x-3y =0.
AHanornyHo HaxonuM ypaBHeHue cTopoHbl CD. Ilo ycnoBuio ypaBHEHHE

1
cropoHbl AB umeer Bun: x + 2y —4 =0. Otcrona K, = 5 Cropona CD napamienbHa

1 1
AB, moatomy Kep = 5 3anuceiBaeM ypaBHeHUE CTOpoHbI CD: Yy —2 = _E(X -3) =

X+ 2y — 7 = 0. Takum 006pa3om, MOTyYEHBI YPaBHEHHUS CTOPOH:
BC: 2x—-3y =0,

CD: x+2y-7=0.
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IIpumep 2.
A(1; 0), B(3; 6), C(5; 2) — Bepumnbl Tpeyroabuuka ABC. HanucaTth ypaBHEHHE
BBICOTBI AM.

Pewenue.
Bricora AM mnepnengukynspHa ctopone BC. Hcnonwssys dopMyny s
HAXOXKJCHHS YTIIOBOro Kodddurmenta k = Y2~ 0 , HAXOZMM yTJIOBOH KO3(PPHUITHEHT
X2 =%
2—-6 1
cropoHbl BC: Kgc :ﬁ:—Z. Torma K,y = T =—. Hcnone3ys ypaBHEHHE
- BC

OpsMOM, MPOXOISALIEH Yepe3 NaHHYI0 TOUYKY B JIaHHOM HalpaBJICHUH, 3allMCHIBAEM
ypaBHEHUE BBICOTHI AM:

1 1 1
-0==(x-1) = y=—x——.
y 2( ) y > X5

3.4. PaccTosiHue OT TOUKH 10 NPAMOI.

[Tycts 3amana npsmas ax + by + ¢ = 0 u Touka M(xo, yo), He Jiexkalas Ha ITOM
npsiMoii. TpeOyeTcst BBIYMCIUTD PaCCTOSIHUE OT TOYKH M 110 ipsimoii. O003HAYUM 3TO
paccrostaue uepe3 d(M). Kak uzBectHo, Bektop N =(a, b) meprneHauKyasapeH npsMoit

ax + by + ¢ = 0. Paccmorpum mpon3BoabHy0 Touky L(X, Y) Ha mpsmoii (puc. 16).
n=KN =(a,b); LM = (Xo — X, Yo —V). Paccrosuue ot Touku M 10 mpsiMOl 3TO
d(M) = KM.
Ji1s 11060 TOYKY PSMOM BBITTOTHSIETCS PAaBEHCTBO ‘npﬁ W\ =d(M).
@ b)
b

Ucnonb3yst GopMyity st BBIMUCICHUs MPOEKIMU BEKTOpa NPpa =

(LM )] [a(x, =X)+blyo = y)| _|a% +by, —(ax-+by)

| Va? +b? va? +b?

nonydaem: d(M)=

L (X
M(xo, yo)

v

Puc. 16
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Tak kak Touka L(X, Y) JCKHT Ha MPSAMOH, €€ KOOPIAMHATHI YIOBJICTBOPSIIOT

ypaBHeHHIO 3TOi mpsimoit. [Toatomy ax + by = — ¢. C yueTom 3TOro paBeHCTBa
MOJIy4aeM:
ax, + by, +cC
d(my P Do td
Va® +b?

IMpumep 1.

Hatitu paccrosaue ot Touku M(—2; 3) mo npsimoii 3x —4y + 1 =0.

Pewenue.

B mannOM ciygae xo = —2; yo = 3. CienoBaTeabHO:
3-(-2)-4-3+ -17
amy =22 ] |17 _17

JZ (42 JB 5
IIpumep 2.

BbluuciuTe  paccTOsHME  MEXAY JBYMs — HapaJUICNbHBIMH  IPSIMBIMH
3x+4y+4=0(1) u 6x+8y—-1=0(2).

Pewenue.

YToObl HAlTU pacCTOSTHUE MEXAY ABYMs apaJUIeIbHBIMU MPSIMBIMH, BO3bMEM
Ha OHOW M3 MPSAMBIX IPOU3BOJIBHYIO TOUKY U BBIYUCIUM PACCTOSIHUE OT 3TOM TOUKHU
10 BTOpoi mpsimMoi. Haxomum Touky, Hanmpumep, Ha npsmoit (1). Touka mMeet aBe
KoopauHatbl. OTHOM U3 KOOPJIMHAT JaeM JIF000€ 3HAUCHHUE.

[Tycts, Hanpumep, x = 0. Torna u3 ypasuenus (1) momyuaem y = —1. Takum
obpaszom, noiydyeHa Touka M(0; —1) Ha npsimoii (1). BerauciisieM paccTosIHHE OT TOYKH
M 1o npsimoii (2):

6:0+8:(-D-1 -9 9
J6? 1 82 V100 10

Nrak, paccTosiHue MexXy AByMS 3aJaHHBIMU IIPSIMBIMUA PABHO 0

d(M) =

3.5. HoaymiockoCTh

[lycTh Ha MJIOCKOCTH 3aJjaHa HEKOTOpas MpsiMasi, ONMHChIBAEMasl YpaBHEHUEM
ax + by + ¢ = 0. Dra npsimMast JCIUT IUIOCKOCTh Ha JBE YacCTH, Ha3bIBAEMbIC
MOJIYIIOCKOCTSIMU. M3BECTHO, YTO KOOPAMHATHI JIF0O00H TOUKH, JIeXkKallell Ha IpsIMOii,
yIIOBJICTBOPSIIOT ypaBHEHUIO NpsiMoii ax + by + ¢ = 0 u koopauHaThl 11000# TOUKH,
HE JIeXKalllel Ha ATOW NMPSAMOM, 3TOMY YPaBHEHHIO HE yI0BIETBOPSIOT. ClI€10BATENBHO,
KOOPIMHATBI TOYEK, NPUHAISKANMX MOJYIUIOCKOCTH (BKJIIOYAs MPSAMYIO)
yIIOBJICTBOPSIIOT OJTHOMY M3 HepaBeHCTB aX + by + ¢ >0 wmm ax + by + ¢ < 0. dus
TOTr0, 4TOOBI M0 33JJaHHOMY HepaBeHCTBY ax + by + ¢ >0 (ax + by + ¢ < 0) HaiiTu
TpeOyeMyo MOIYIUIOCKOCTh, HEOOXO0IUMO:

1) moctpouts mpsimyro ax + by +c =0;
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2) B34Th MPOM3BOJBHYIO TOYKY, HE JIEXKAIIyl Ha 3aJaHHOW MPSIMOH, H
HOJICTABUTh €€ KOOPAUHAThI B HepaBeHcTBO aX + by + ¢ >0 (ax + by + ¢ <0). Ecin
TPH TTOICTAHOBKE KOOPAMHAT TOUKH TOTy4aeTCss BEPHOE HEPABEHCTBO, 3TO O3HAYAET,
YTO TOYKA MPUHAMICKHUT TpeOyeMOW MOJYIUIOCKOCTH, TO €CTh TpeOyeMast
TMOJTTUIOCKOCTh — 3TO TOJIYIUIOCKOCTh, B KOTOPO# JIEKHT 3Ta TOYKa. Ecim ke mpu
MOJICTAHOBKE KOOPAMHAT TOYKH IMOJYYaeTCsl HEBEPHOE HEPABEHCTBO, ATO O3HAYAET,
YTO TOYKA HE MNPHHAIICKUAT TpeOyeMoil MOJYIUIOCKOCTH, TO €CTh TpeOyemas
MOJIYIIIOCKOCTh HAXOJUTCS ¢ MIPOTHBOIIOIOKHON CTOPOHBI OT IPSMOH.

Ecnu TpeGyeTcst HOCTpouTh 00J1aCTh, 33JaHHYIO CUCTEMOM HEPABEHCTB, CTPOUM
MOJYIUIOCKOCTH, OIpeae/seMble 3aJaHHBIMH HEPABEHCTBAMH M HaXOIMM HX
MePECEUCHHUE, TO €CTh TOUKH, YIOBICTBOPSIOIINE BCEM HEPABEHCTBAM.

Ipumep 1.

[TocTpouTs nonyriockocts 3x — 4y + 12 > 0.

Pewenue.

Crpoum npsmyto 3x — 4y + 12 = 0. Jly11 5TOro HaXo UM JABE TOYKH MPSMOH.
x | 0 | 4
y | 310

Takum oOpaszom, mpsiMasi mepecekaer ocu koopauHaT B Toukax A(0; 3) wu
B(-4; 0) (puc. 17). IIpsimas pasaenuiia IIOCKOCTh Ha JIBE MOJYIUIOCKOCTH. bepem
MIPOU3BOJIBHYIO TOUYKY, HE JIEXKAILYI0 Ha IpsiMOil. B kauecTBe Takoil TOUKH yIOOHO
opate Hayayio koopauHaT O(0; 0), eciu 3Ta TouKa He JIeKHT Ha ipsiMoi. [ToacraBisseM
KOOPIMHATHI TOYKHU o(0; 0) B HEPaBEHCTBO:
3:-0-4-0+12>0, To ecth 12 > 0. HepaBencTBo BepHOe. ClieJoBaTEIbHO, TOUKA
O(0; 0) mnpuHamIeKUT TpeOyemol MoMymIockocTH. CTpelkaMu yKa3biBaeM 3Ty
MOJTYTNTIOCKOCTh U 0003HAaYaeM €e IITPUXOBKOM.

Puc. 17
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IIpumep 2.
[TocTpouTh MHOMECTBO TOYEK, KOOPAMHATHI KOTOPBIX YAOBJIETBOPSIOT
YCIIOBUSM:

2X+ Y22,
X—3y+62>0,
X—-4<0.
Pewenue.
CtpouM NpsSIMBIE B CTPEITKAMU
yKa3bIBacM MIOJTYTIJIOCKOCTH,
(3) OTIpeIeIsieMbIC 3aJTaHHBIMA
«— HepaBeHCTBaMHU (puc. 18).
(2)
/Y (1:2x+y=2
il I_
: . - . x| 0 | 1
\ URASE P y [ 2 ]0
1 - (2):x-3y+6=0
x| 0 | -6
—Xm y | 210
(3):x=4

Puc. 18

Ilepeceuenne MONYNIOCKOCTEM M JAET MHOXECTBO TOYEK, KOOPIAMHATHI
KOTOPBIX YAOBJIECTBOPSIOT 3aJJaHHBIM YCJIOBUSIM (001aCTh 0003HAUYECHA IITPUXOBKOM).
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I'naBa 4. AHaJIMTHYECKASI TEOMETPHUSA B IIPOCTPAHCTBE

4.1. [lonsiTe ypaBHEeHUS MMOBEPXHOCTH U JIUHMHU B R3

VYpasuenue F(X, Y, z) = 0 (z = f(X, y)) Ha3bIBaAIOT ypasHeHuem nOGEPXHOCHMU B
npocTpaHcTBe R3, eCii eMy yIOBIETBOPSAIOT KOOPAUHATHI JTIFO00H TOYKH MOBEPXHOCTH
U HE YJOBICTBOPSIOT KOOPIUHATHI JII000H TOUKH, HE MPHUHAIICIKAIIECH TOBEPXHOCTH.
[ToBepXHOCTh B MPOCTpPaHCTBE R3 MOMKHO ONPEICIUTh TAKKE KaK FCOMETPHUUECKOES
MECTO TOYEK, yIOBJICTBOPSIONIUX YCIOBUIO

F(x,y,2) =0 (z=1(x,Y)).

VYpaBHEHHE TIOBEPXHOCTH MOKET OBITh 3a[aHO B SIBHOM WJIM B HESIBHOM BHJIE:
z =f(x, y) — ypaBHEeHUE TOBEPXHOCTH 6 A6HOM 6ude (hopme); F(X, Y, z) =0 — ypaBHeHHE
MIOBEPXHOCTHU 8 HEAGHOM 8UOe.

B kavecTBe mnpumepa paccMOTpHM TOJy4YeHHE ypaBHeHHUs cdepbl. Kak
U3BECTHO, cdepa ompeeseTcs Kak reOMETPpUYeCKOoe MECTO TOUYEK MPOCTPAHCTBA,
paBHOYIAJICHHBIX OT 3aaHHoM Touku M(a, b, ¢), Ha3pIBaeMol IeHTpoM cdepsbl. [TycTh
K(X, ¥, Z) — mpousBosibHas Touka cepbl. O003HAYNM PACCTOSHHE OT MPOU3BOJIBHOM
Touku cdepsnl 10 1eHTpa chepsl uepes I (paauyc chepsi). [lo onpenenenuto cepsl
IMK|=r.

Bexrop MK =(Xx—a, y—b, z—c). Torxa y/(x—a)? +(y—b)> +(z—c)? =r.

Orcrona nonydaeM ypasHenue cepsl: (X —a)? + (y —b)? + (z—c)? = r2.

B wacTHOCTH, ecii LEHTP cepbl HAXOAUTCS B HaYalle KOOPAMHAT, yPABHEHUE
cepbl OyIET UMETh BU X2 + Y2 + 22 = 12,

Jlunuio B TIPOCTPAaHCTBE MOXKHO PACCMATPHMBATH KaK IIEPECEUEHHE JBYX
MMOBEPXHOCTEN

F,(x,y,2)=0,

T. €. JINHUS €CTh TEOMETPUUECKOE MECTO TOUYEK, KOOPIMHATHI KOTOPBIX YIOBIETBOPSIIOT
CUCTEME JIBYX YPaBHEHUU C TpeMsi HEM3BECTHbIMH. JIMHUS B MPOCTPAHCTBE MOKET
OBITh 3aJ1aHa TAK)KE B MMapaMeTpUIecKoit opme:

{Fl(xv Y, Z) = 0;

X:¢1(t)1
Y =,(t),
Z= (1)

(t — HexOTOPBII apaMeTp).
IMpumep.
Haiitu koopauHaThI IeHTpa cepsl U ee paauyc, eClii ypaBHEHHE cephl 3a1aHO
BBUIE X2 +Yy2+72-2x+4y+1=0.
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Pewenue.
[Ipeobpazyem ypaBHeHHE chephl:
(P—2x+1)+ (P +dy+4)+22-4=0 = (x—-1)2+(y+2)2+22=4.
W3 mosydeHHOTO ypaBHEHUS CIEAyeT, 4TO LEHTP cepbl HAXOMUTCS B TOUYKE
M(1; —2; 0), a paguyc chepsl I = 2.

4.2. Ilnockocth B R3. Yrou Mexay AByMs IIOCKOCTSIMH
[IycTh B mpOCTpaHCTBE 3ajJaHa MPOM3BOJIbHAS ILIOCKOCTH U M(Xo, Yo, Z0) —
Kakas-HUOynb To4yka Ha Hel. OOo3HauuMm uepe3 N =(a,b,C) HenyneBoill BekTOp,

NEPHEHANKYJIAPHBIA  3TOM IJIOCKOCTH (HOpManb). Bo3pMeM Ha IJIOCKOCTH
npou3BosibHYI0 Touky K(X, Y, z). Tak kak BeKTop N MEepHEHIUKYISPEH TIOCKOCTH, TO
OH TNEpHEeHIUKYJISPEH JI000MY BEKTOpY, JIekKalleMy Ha IUIOCKOCTH, T. €. BEKTOp N

nepreHauKkyiIipeH  Bekropy MK =(X—Xy, Y—VYq, Z—25). Bocmomssyemcs
YCIOBHEM OPTOrOHATBHOCTH BYX BekTopoB (N, MK)=0. Ortcroma momydaem

ypasHenue NAOCKOCMU, hpoxooawei uepe3 3adannyio mouxky M(Xo, Yo, Zo)
NepIeHIUKYISIPHO BekTopy N =(a, b, C):

a(x —Xo) + b(y —yo) + c(z—20) = 0.

[IpeoOpazyem mosiydeHHOE ypaBHEHUE:
ax + by + cz + (—axp — byo — czp) = 0.

Beenem o0Oo3naucHue (—axp — byo — CZo) = d. Torma ypaBHEHHE IJIOCKOCTH
3aIMLIETCS B BUJE:
ax+by+cz+d=0.

[Tonmy4yeHHOE ypaBHEHUE HA3BIBACTCS O0OU4UM YPAGHEHUEM TUTOCKOCTH.
[Tyctp 3amaHbl JBe ILIOCKOCTH: aiX + by + ¢z + dp = 0 (1) m
aX + bpy + coz + d2 =0 (2). TpeOyercst HAUTH YroJl @ MEXKAY STUMH TUIOCKOCTSIMHU.
Yron Mexy AByMsI INIOCKOCTSIMU PaBEeH yIily MEXIy UX HopMaisimMu My = (&, by, C;)
u N, =(a,, by, ¢,). Bocronb3oBaBumck (HopMyaoN Al HAXOXKACHUS YIila MEXITY
JBYMSI BEKTOPaMHU, ITOJTyIaCM:
(n.n,) _ aa, +bb, +cc,
nl-ln 2 M2, n2 2 12, a2

Ecin 1Be 1UI0CKOCTM mNapajuielbHbl, TO BEKTOPHl N; M N, KOJUIMHEAPHBI.

COS @ =

Bocnonns3oBaBninch YCIIOBHUEM KOJIJIMHEAPHOCTHU JIBYX BCKTOPOB, IIOJIYUYaCM yciiosue
napauiejibHocmu 1ByX IJIOCKOCTEH:

a_b_g

a, b, Czl
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Ecin e aBe IUIOCKOCTM NEPHEHAMKYJSPHBI, TO M BEKTOppl N, u N,
NEepHeHAUKYJIApHbI, nodToMy (Mg, N,)=0. Ortcloga mnomxydaem yciosue
NnepneHOUKyIAPHOCMU IBYX TNTIOCKOCTEM:

ai;a, + bib, + ¢, = 0.

IIpumep.

HanucaTte ypaBHEHHE ILIOCKOCTH, IpoXozsineid depe3 Touky M(2; —2; —1)
napajuiesIbHO IIoCKocTH 2X + 5y —2z+ 1 =0.

Pewenue.

Tax xak TpeOyemas IMJIOCKOCTh MapajiesibHa 3aJaHHOW TUIOCKOCTH, BEKTOP
HOpMAaJlM 3aJaHHOW IiockocTu N =(2; 5; —1) Oyzmer Takke BEKTOPOM HOPMAIU H
TpeOyeMol MIOCKOCTH. BOCTOIp30BaBIINCH YpaBHEHHUEM IIOCKOCTH, MPOXOSIICH
yepe3 3amaHHyo Touky M(2; —2; —1) mepneHmukynspHo Bekropy N =(2; 5; -1),
MOJTy4aeM:
2(x—2)+5(y+2)—-(z+1)=0 = 2x+ 5y -2+ 5 =0 - ypaBHeHue TpeOyemMoi
IJIOCKOCTH.

4.3. PaccTosiHue OT TOYKH 10 MJIOCKOCTH

[TycTh 3a1aHa HEKOTOpas IIOCKOCTh ax + by + ¢z +d =0 u Touka M(Xo, Yo, 2o),
HE NMPUHAIEKAIIAs 3TOH MII0CKOCTH. TpeOyeTcs BEIYUCIUTE PACCTOSHUE OT TOYKH JI0
II0CKOCTH. PaccMoTpuM mipon3BojIbHYIO TOUKy mtockocta K(X, Y, z) (puc. 19).

3anuiiemM BekTop, coeaunsromuii Touku K u M: KM =(Xo — X, Yo — Y, Zo — 2).
Bektop N =(a, b, C) nepnenankynspeH mioCcKOCTH.

Torma paccTosiHue oT TOYKH M hi (o) IIJIOCKOCTH

‘(W ﬁ] _[atxg =x)+b(yo —y) +e(zo - 2)| _
nl va? +b? +c?

4 _ laxg +byg +czy — (ax + by + cz))| |

d(M)=LM =‘npﬁm‘=

M Ja? +b? +¢?

Touka K(X, Y, Z) JIeKUT Ha IUIOCKOCTH,
MO3TOMY €€  KOOPAWHATBI  YJIOBJICTBOPSIOT
YPaBHCHHUIO TUIOCKOCTH, OTKyJa CJEIYeT, 4YTO
ax + by + cz = —d. C yyetom 3TOr0 paBEeHCTBa
K L noyyaeMm (GOpMyITy JJisi BEIYMCIICHUSI PACCTOSTHUS

OT TOYKH A0 IIIIOCKOCTH:
lax, + by +czq +d|

va? +b? +¢?

Puc.19 d(M) =
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Ipumep.

Boeruncnute  paccrossaue ot touku  M(3; —2; 1) [0 IJIOCKOCTH
2Xx—-y—-22+3=0

Pewenue.

Ucnonb3yst popmyny 11l BEIYMCICHUS PACCTOSHUS OT TOYKU JO TJIOCKOCTH,

2-3-(-2)-2-1+3 9 9
J22 (D)2 + (=27 V9 3

nonydaem: d(M)=

Bomnpoce! AJ1s1i CAMOKOHTPOJIA
1. Kak mpoBepuTh, NPUHAMICKUT U 3agaHHas Touka M(Xo, Yo) aunmm L,
onuchiBacMoi ypaBHeHneM Y = f(x)?
2. Kak HaliT¥ TOYKU NIEpeceueHUs ABYX 3aJJaHHBIX CBOMMU YPaBHEHUSAMHU JTUHUI?
3. Uto Takoe yrioBoit Ko3pGUIIUEHT MPSMOit?
4. Kakoif BUJ1 UMEET ypaBHEHUE TIPSIMOA:
1) mpoxojsieii yepe3 Hayajao KOOpAuHaT;
2) mapajutensHoi ocu OX;
3) mapamiensHoit ocu Oy?
5. Kak BBIMUCIUTH YIIIOBOK KOA(DPUIIMEHT NPSIMOIA 110 U3BECTHBIM KOOPAUHATAM
IBYX TOUYEK IPSIMOM?
6. Kakoii cmbicn mMerorT koddduiueHTsl a8, b B o0mmeM ypaBHEHHH NPSMOU
ax+by+c=07?
7. Kak 3anumercs:
1) yciioBue napamieabHOCTH JIBYX MPSIMbBIX;
2) ycioBH€ MEPIEHIUKYISIPHOCTU JBYX MPSMBIX?
8. Kak BBIYHCIUTH pacCTOSIHUE OT TOYKH JI0 TIPSIMOit?
9. Kak BBIYMCIUTH PACCTOSTHUE MEXKAY JBYMS MapauIeIbHBIMU MPSIMbIMU?
10. Kakyto 00jacTh Ha IMJIOCKOCTH ONpenessieT HepaBeHeTBO ax + by + ¢ > 0?
11. Kakoii Bua uMeeT ypaBHEHHE TOBEPXHOCTH B R3?
12. Kaxko¥i cMbIc UMEIOT KO3 GUITMEHTHI 8, b, C B 0011IeM ypaBHEHUH TIOCKOCTH
ax+by+cz+d=0?
13. Kak HaiiTh yroa Mexay ABYyMsI IJIOCKOCTAMU?
14. CpopmynupyiiTe yciaoBHe:
1) mapanneabHOCTH ABYX IIOCKOCTEH;
2) NepneHauKYJISIPHOCTH ABYX MIOCKOCTEH.
15. Kak BBIYMCINUTB PACCTOSIHUE OT TOYKH J10 INIOCKOCTH?
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PA3JIEJI 11. QJIEMEHTBI IMHENHOU AJITEBPBI

I'naBa 5. MaTpuubl u onpeaeuresn

5.1. OcHOBHBIE CBeIeHUSI 0 MATPULIAX

Mampuuyeii pa3MEpHOCTH WM pa3Mepa M X N Ha3bIBAETCS COBOKYITHOCTH M - N
YHCel, PACIIOJIOKEHHBIX B BUJIE MPSIMOYTOIBHON TaOIHIIBI, COACpKAIIEH M CTPOK U N
CTOJIOILIOB.

Kaxayro Takyro Tabiuily 3aKiII04aloT B KpyTible CKOOKH, KBapaTHbIE CKOOKHU
WM IBOMHBIE BEPTUKAJIbHBIC YEPTOUYKH U 0003HAUAIOT OO0JIBIION OYKBOM JTATUHCKOTO
andasuta. Hampumep:

5 6 -
A= > 3 0] — MaTpHIla pa3MEPHOCTH 2 X 3,
o
B= 6 7} — MaTpUIa pa3MEpHOCTH 2 X 2,
-3 4
1 -2
C= o 1l° MaTpulla pa3MEPHOCTH 4 x 2.
6 -3

Uucia, COCTaBIAOIINE MATPULLY, HA3bIBAIOTCS 21eMeHmamu mampuybl. Mpl
OyneM o0003HauaTh KX COOTBETCTBYIOIIMMHM MAaJCHbKUMU OYKBaMH JIATUHCKOIO
andasura ¢ 1ByMs uHAekcaMu. [lepBbiii HHIEKC 0003HAYaeT HOMEP CTPOKH, B KOTOPOIt
PacMoJIOokKeH 3TOT 3JIEMEHT, a BTOPOH — HOMEp CTOJI01A (CTPOKU HYMEPYIOTCS CBEPXY
BHU3, @ CTOJIOIIBI clieBa HarpaBo). Tak, HanpuMep, B pACCMOTPEHHBIX BbILIE TPUMEpPax
MaTpHIL:

aiz =-1, ax =2,
b, = -1, by =7,
Cx2 =1, Ca1 = 6.

B o6miem ciiydae Marpuiia pa3MepHOCTH M X N 3aMKCHIBAE€TCS B BUJIE:

Ay ay,

a a a
Aol B2t 22 2n

am1 am2 amn

WK, COKpaIeHHo, A = (&;j).



Ecnu mpu sToM HEOOX0MMO yKa3aTh pa3Mephbl MATPHUIIBI, TO TTUIITYT:
A=(ajj)mxn 1M 0POCTO Ay

[IpuBenenubic B Hauane naparpada MaTpuIlsl ¢ yKa3aHHEM Pa3MEPHOCTH MOTYT
OBITH 3amMKCaHbl CIACAYIOMUM 00pa3oM: Anxs, Baxz, Caxe.

Martpuna, cocrosinas W3 OIHOW CTPOKH, HA3bIBACTCS 6EKMOP-CHPOKOIL.
[lepBbIit HHACKC Y 37IEMEHTOB BEKTOP-CTPOKU 00BIYHO onyckaercs. Hampumep:

A= (al a ag a4) — BEKTOp-CTpOKa (MaTpuiia pazmMepHoctu 1 x 4).

Martpuia, coctosiias U3 OJHOTO CTOJOIA, HA3bIBACTCS 6EKMOpP-CHOAOUOM.
VY 351eMEHTOB BEKTOP-CTOJIONA OIycKaeTcst BTopoil uuaekc. Hanpumep:

by
B=|b, | — Bekrop- cronber (Marpuna pazmepHoctu 3 x 1).
by
Martpuily pa3sMepHOCTH M X N, y KOTOPOW BCE 3JIEMEHTHI PaBHBI HYIIIO,
Ha3bIBAIOT HYaegoil Matpuliel u odo3Hayaror 0.
Ecnu 4ncio cTpok MaTpuIlbl HE COBIAACT ¢ YMCIOM €€ CTOJIOOB (T. €. M # N),
TO MaTpHIla HA3BIBACTCS MPAMOY20ibHol. B poTuBHOM ciydae (M = N) marpuna
Ha3bIBaeTCs Keadpamuoi. KBagpaTHyo MaTpuILy U3 N CTPOK U N CTOJIOIOB HA3BIBAIOT

KBaJ[paTHOM MaTpuIlel N-TO MOPSIKA, a YUCI0 N — MOPSJIKOM ITOM MaTpHIlbl. Takas
MaTpuIilia UMEET BU/I;

a.ll alz e aln

a a o a
A= 21 22 2n

dy Ay ... Ay

COBOKYITHOCTB AJIEMEHTOB KBaJJpaTHOM MaTPHUIIbI, PACTIONIOKEHHBIX Ha OTPE3KE,
COCJIMHSIONIEM BEPXHUM JIEBBIM yTOJl C MPaBbIM HUXKHHUM, T. €. COBOKYIHOCTH
AJIEMEHTOB ai1, 822, ..., Ann, HA3BIBACTCS 21ABHOU OUAZOHAIbIO MATPUILI UK TIPOCTO
OUazoHabIo.

KBagpaTHbie MaTpullbl, ¥ KOTOPBIX BCE AJIEMEHTHI, PACIOJOXEHHBIE BHE
[JIABHOM JMAroHaJId, paBHbBI HYJIO, HA3bIBAIOTCS OUAZOHATbHBIMU U 3ATIMCHIBAIOTCS:

a,, O 0
0 a, 0
0 O a

Ecnu y nuaronanbHON MaTpUIbl BCE AJIEMEHTHI TJIABHOW IMAaroHajau paBHBI 1,
TO TaKyI MaTPHILy HAa3bIBAIOT €OUHUYHOU W 0003HayaT E:
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o 0 .. 1

Hapsiny ¢ rimaBHOM TMaroHalIbio MHOTIa pACCMATPUBAIOT HOOOUHYI0 OUAZOHAND,
II0J] KOTOPOM IIOHMMAKT COBOKYIIHOCTH JJIEMEHTOB KBAJAPATHOW MAaTpHULBI,
PaCIOJIOKEHHBIX Ha OTPE3KE, COCIUHAIOIIECH IPABBIM BEPXHUM YTOJI C JIEBBIM HUKHUM.

Paccmorpum  matpunly A4 OpOM3BOJBHOM — pa3MepHOCTH M X N.
Tpancnonuposanuem wmatpuilbl A Ha3bIBAaeTCsl 3aMeHa €€ CTPOK Ha CTOJOIIBI
C COXpPAaHEHHEM UX HOMEPOB, T. €. IEPBOIl CTPOKHU Ha MEPBBII cTON0EL, BTOPOH CTPOKU
Ha BTOpo# ctonben u T. A. [lomyuennas Takum 06pa3oM MaTpuIiia pa3MepHOCTA N X M
Ha3bIBAETCA MPAHCHOHUPOSAHHON TIO OTHOIIECHUIO K MaTpuLe A u o6o3Havaetcss A7,
Hanpuwmep:

1 -1 4

A=|-1 3|, torma AT =
2 30

I[BC MaTpUulbl OI[HH&KOBOﬁ PasSMCPHOCTHU HA3BIBAIOTCA paA6HbIMU, CCIIN PABHBI
HUX JJIEMCHTHBI, CTOAIIIME HAa OAMHAKOBBIX MC€CTax, T. €.

A=B < aj=bj ama Beex i=1, m, j=1n.

5.2. JledcTBUA HAJA MATPULIAMHU

K 4nciny OCHOBHBIX JEMCTBUN HaJl MaTpUIAMU OTHOCATCS CJI0KEHUE MaTpPHII,
YMHOXEHHUE MaTPHIIbl HA YACIIO U YMHOKEHUE MATPHUIL.

Cymmonu mampuy A v B oAMHAKOBOW pa3MepHOCTH HasbiBaeTcs Marpuna C
TaKoil K€ pPa3MEpPHOCTH, JIEMEHThl KOTOPOW PaBHbBI CyMMaM COOTBETCTBYIOIIHUX
aneMeHTOB Matpull A u B. Takum obpazom,

C=A+B & cij:aij+bij g Bcex 1=1 m, j=1, n.

-3 41 0 -2 2
Hanpumep, ecnu = A= , B= , TO
012 1 3 -1
-34+40 4+(-2) 1+2 -3 2 3
A+B= = :
0+1 1+3 2+(-)) 1 4 1

Ilpouseedenuem mampuyvt A na yucno « HaspiBaeTcs Marpuna C, Bce
AJIEMEHTHI KOTOPOW PaBHBI COOTBETCTBYIOIIUM 3JIEMEHTAM MaTPUIIbl A, YMHOXKEHHBIM
Ha yucio «. Takum o6pazom,
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C=0A < cj=caj mmBcex 1=1m, j=1n.
Hampumep, eciin
(—1 3 4] (2-(—1) 2-3 2-4 ) (—2 6 8j
A= . 10 2A= = .
2 1 -2 2-2 21 2-(-2) 4 2 -4

CroxeHre MaTpull 1 YMHOKEHHUE MATPUIl HA YUCIIO HA3bIBAIOTCS JIUHEUHbIMU
deiicmeuamu HaA wmarpuuamu. W3 onpeneneHni OSTUX ACHCTBUM  BBITEKAIOT
CIEYIOIINE OYEBUIHBIE CBOMCTBA:

1)A+ B=B+4,

2)A+B+C)=A+B)+C

3)A+0=4;

4)1-4=4,

5) (a+ P)A=ad + pA;

6) (4 + B) = ad + pA,

7) apA) = (ap)A.

3nech A, B, C — matpunsl, «, [ — aucia, 0 — HyneBas matpura. C IOMOIIbIO
JNEUCTBUH CIIOKEHUSI MATPUIL U YMHOKEHHS HAa YK CJIO ONPEAEIAETCA PA3HOCTh MaTPHLL.

Paznocmuio mampuy A v B 0IMHAKOBON Pa3MEPHOCTH Ha3bIBACTCS MAaTpHIla
C=4+(-1)-B.
Takum obpazom, C=4—-B < cjj=a;j—bjj mmascex i1=1, m, j=1 n.

2 3 -1 1
Hanpumep, ecnu A= -1 0|, B=| 0 2|, 10
2 1 1 -2
2-(-1) 3-1 3 2
A-B=l -1-0 0-2 |=|-1 -2]|.

2-1 1-(-2) 1 3

Ilpouszsedenuem mampuy Amxn 1 Bnxp HasbiBaeTcs marpuua Cpxp, KaXKIbli
AJIEMEHT Cij KOTOPOW paBEH CyMMe€ IPOU3BENECHHI 3JIEMEHTOB 1-0i CTPOKU MaTpHLIbI A
Ha COOTBETCTBYIOIIHME JIEMEHTHI J-r0 CTOJI01Ia MaTpuIbl B. Takum o6paszom,

n
mep = Amxn . anp = Cl_] =a|1 blj + alz .b2j +...+ am bnj :Za.lkbkJ
k=1

migBcex i=1, m, j=1 n.
YMHOXKEHHE MaTPHUILl MOKHO TPOUJUIFOCTPUPOBATH CIIEIYIOIIEN CXEMOM:
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1
, TO
-3
5 1

, 3-(-2)+(-1)-0 3-1+(-1-(-3)) (-6 6
A-B=|2 4 -(_ J: 2.(-2)+4-0  2:1+4-(-3) |=| -4 -10].
0 -3
5 1 5.(-2)+1-0  5-1+1-(-3) ~10 2

Martpuiibl MOXKHO YMHOKATh JIMIIIb B TOM CJIy4ae, €CIu KOJUYECTBO AJIEMEHTOB
B CTPOKE NEPBON MaTPHIBI PAaBHO KOJIMYECTBY 3JEMEHTOB B CTOJIOIIE BTOPOH, T. €.
YUCJIO0 CTOJIOIIOB IEPBOM MaTPHUIIbI PAaBHO YHCIY CTpOK BTopoi. M3 ompeneneHus
MIPOU3BEICHUS MAaTPUI] BUIHO, YTO €CIIM CYIIECTBYET Mpou3BeneHne Matpuil A - B, To
OTCIOJIa HE CJIEAyeT CYIIeCTBOBaHUS mpousBeaeHus wmatpuiy B - A. Tak, B
MIPUBEICHHOM BBIIIIE IpUMEpPE TIpou3BeicHre B - A He cylecTByeT (He ONpeesieHo).

Eciu 4 m B xBaapaTHble MaTpULbl OJHOTO nopsaka, To A - B u B - A umeror
CMBICJI, HO, BooOIIe roBopsi, A - B # B - A. Hampumep, eciu

1 2 0 2
A= , B= , TO
-11 1 -1
A.B 1 2y(0 2 1.0+2-1 1-2+2-(-)) 2 0
. = . = == N a
-1 1)1 -1 -1.0+11 -1-2+1-(-)) 1 3
B. A 0 2 1 2 0-1+2-(-2) 0-2+2.1) (-2 2
1 -1 (-1 1) 11+ (<) 1-2+(-D-1) | 2 1)
Takum 00pazom, MPOU3BEACHNE MATPUI] HE KOMMYTaTUBHO (HE MEPECTAHOBOYHO).
Eciu A - B =B - A, To matpuiibl 4 1 B Ha3bIBAIOTCS KOMMYMAMUGHBIMU VU
MepecTaHOBOYHBIMU. ['0BOpAT Takxke, 4T0o 4 U B Kommymupyrom.
[IpousBenenne MaTpuil 0061a1aeT CASAYIOMUMHA CBOWCTBAMM:
1) EA = AE = A, rne A — KBagpaTHas MaTpuIa mopsaka N, a £ — equHUYHAs
MaTpulla TOTO K€ TOopsAlKa, T. €. MaTpuila £ KOMMYTHpPYET ¢ JI000i KBaJpaTHOM
Matpuueid Toro ke mnopsaka. CinegoBaTellbHO, €IMHWYHAs MaTpula Cpeau BCeX

KBaJpaTHbIX MAaTpHUILl JAHHOTO IMOPSAKAa UTPAECT B ONEpPAlUHA YMHOXKEHUSA TaKYyHO K€
POJIb, KaK 4MCIIO 1 TpU YMHOXEHUU YHCEll.
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2) a(A-B)=(aA)-B=A-(aB).

3y C-(A+B)=C-A+C-B.

4) A+B)-C=A-C+B-C.

5  A-(B-C)=(A-B)-C.

3necy A, B, C — matpuiipl, @ — uucio. [Ipu 3ToM mpenmnonaraercs, 4To Bce
HaIKMCAaHHBIC TPOM3BEICHUS MATPHI] UMCIOT CMBICIL.

W3 cBoiicTBa 5 clieyer, 4To MPOU3BEICHHE HECKOIBKUX MATpPHII, 3alTMCaHHBIX
B OTPEICIICHHOM TIOPSIJIKE, OT CIoco0a pacCTaHOBKK CKOOOK He 3aBUCHT. Hanpumep,
BCC IISATh BO3MOXKHBIX CIIOCOOOB BBIYMCICHHS MPOU3BEIACHUS YETBIPEX MATPHIL
((4B)C)D, (A(BC))D, A((BC)D), A(B(CD)), (AB)(CD) natot oiuH 1 TOT )K€ pe3yJibTar.

OTMeTHM TaKXe, YTO KBaJPaTHBIC MaTPHUIII MOYKHO BO3BOJIUTH B CTEMeHb. 110
onpenenenuto nonaraem A’ = E, ALl = A A2=A . A A>=A.A.A ... Tak Kak
B IIPOU3BEACHUSIX HECKOIBKMX MATPHUI] CKOOKH MOYKHO PAaCCTaBIIATh MPOU3BOJILHO, TO
JUTSL JTFOOBIX IIEJIBIX HEOTPHIATEIBHBIX P U ( uMeeM AP - A% = AP*d  (AP)4 = APY,

OmnpenencHue MNpou3BeacHUs MaTpull (GopMyIHpyeTcs 0ojiee CIOXKHO U
KaXETCsS MEHEE eCTECTBEHHBIM, UeM ompesesicHue cyMMbl. OaHaKo, eciid Obl KTO-
HUOYIb 3aX0TEJ OIPEACIUTh IIPOU3BEACHUE MATPHII OAMHAKOBBIX Pa3MEPOB, YMHOKasI
COOTBETCTBYIOIIME OJJIEMEHTBI, TO TaKOe IMPOM3BEJACHHE HE Hamuio Obl cebe
CYIIIECTBEHHBIX MMPUMEHEHHUH. UTo e KacaeTcsl BBEACHHOIO IMPOM3BEACHUS MATPHIL,
TO OHO, KaK BCKOpEe OyIeT MOKa3aHo, IIHPOKO MPUMEHSICTCH.

5.3. Onpenenuresid BTOPOro M TPEThEro MopsiaAKa

Kaxnoi kBagpatHOi MaTpule A4 CTABUTCS B COOTBETCTBHUE IO ONPEAECIICHHOMY
OpaBWIly HEKOTOpPOE YHCJIO, KOTOpPO€ Ha3blBaeTCs €€  onpedeaumenem
(0emepmunanmom) n o6o3navaercs |A| wmm det A. Eciu Matpuia 3agaHa B BHJIE
TaONUIBl  YHUCEN, TO ONpeAeNuTedb O0003HAYAIOT, 3aKioyas »dTy TaOauIy
B BEPTHUKAJIBHBIC YEPTOUKH. DIEMEHTHI MAaTPHUIILI A, €€ JUaroOHalu, CTPOKH U CTOJIOLIBI
OyaeM Ha3bIBaTb COOTBETCTBEHHO JJIEMEHTAMH, JMArOHAJISIMH, CTPOKaAMH U
cronbamu onpeaenurens |A|.

Onpedenumenem nepeozo nopaoka, T. €. ONPEIACIUTEIIEM MaTpPHIIbI,
00pa30BaHHON OJJHUM YMCIIOM, HA3bIBAETCSI CAMO 3TO YHKCJIO.

[Iycth naHa Matpuiia BTOpOro nopsjaka

A a1 a2
dy; A

Onpedenumenem 6mopozo nopsaoka, T. €. ONPEACIUTEIIEM ATOH MaTpPHIIbI,
Ha3bIBaeTCs YnCIIo |A|, Beraucisiemoe mo Gopmyiie

|A| = 11822 — ar2@21.
Ota Gpopmysa WLTFOCTPUPYETCS CISAYIONIEH CXeMOil:
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Takum o00pa3om, oOmpeaenuTenb MATPUIBl BTOPOTO TMOPSJKA paBeH
POU3BEJACHUIO DJIEMEHTOB MATpHUIIbI, CTOSIIMX Ha TJIABHOW JHAroHadv, MUHYC
POU3BEICHUE DJIEMEHTOB, CTOSIIIIUX Ha TOOOYHOM AuaroHaniu. Hampumep,

3 -2
=3.5-(-2)-4=15+8=23.
4 5

CtouT 3aMeTuTh, YTO Kaxaoe ciaraemMoe (Hopmysibl (C TOYHOCTHIO JI0 3HAKA)
IpeICTaBIIAET COOOM TPOU3BEICHUE DIIEMEHTOB ONPEETUTENS, B3STHIX IO OAHOMY U3
Ka)KJIOTO CTOJIOIA U KaXKI0M CTPOKH.

[TycTh mana maTpuiia TpEThEro mopsiKa

&1 Q4 Y3
A=]ay &y a3l
431 83 a3

Onpedenumenem mpemove2o nOpAOKa, T. €. ONPEICIUTENEM 3TOW MATPUILIBI,

Ha3BIBAETCs YMCIIO |A|, BeIauciasiemoe mo popmysie:

|A| = aqpdgedss T agpdgzds; + Aziazzadiz — Ajzdpedsy — Ax1di2da3 — Azpdzzdil.

JIJisi BBIUMCIICHUSI OMPENEIUTENIed TPEThEro Mopsijika YJ0OHO MOJIb30BATHCS
MIPABUIIOM TPEYTOJIBHUKOB, KOTOPOE WILTIOCTPUPYETCA CXEMOM:

Hanpuwmep,
1 -1 2
3 4 -2=1-4-(-3)+(-)-(-2)-(-5)+3:0-:2—-2-4-(-5)-3- (-1 - (-3)—
-5 0 -3
-0-(-2)-1=-12-10+40-9=9.

MoxHO yKa3aTh Jpyroe MpOCTOE MPABWIO BBIYUCICHUS OMNpPEAeIIUTENIeH
TpeThero mnopsinka. Jms storo cocraBum Tabnuiy (Capproca), MOJTyYeHHYIO U3
AJIEMEHTOB OIPEIETUTENS, €CIU MPUIHCATh K HUM CIIpaBa €lle pa3 MepBbIil 1 BTOPOIt
cToJIOIBI. BO3bMEM CO 3HAKOM «+» MPOU3BENICHNE DJIEMEHTOB, CTOSIINX HA TJIABHOU

JMaroHa v OMpeAeIUTeNsl, a TakKKe MPOU3BEJCHUS DJEMEHTOB, CTOSIIIIUX Ha JBYX
napajuiensx K Heil, cofep Kalux 1o TpH 3JIEeMEHTA.
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- - - + o+ +

HpOI/ISBCI[eHI/IH KC 3JICMCHTOB, CTOJAIIMX HA MOOOYHOM JUAroHajii 1 Ha JIBYX
mapajuICiiix K Heﬁ, COACPKAIIUX II0 TpHU IJIECMCHTA, BO3bMCM CO 3HAKOM «—». CYMMa
OTHUX IICCTHU HpOI/ISBe,Z[eHI/Iﬁ JacT HCKOMBIN OIIPCACIINTCIIb. HaHpI/IMep,

3 2 -1 3. 2 A 33 2
~ NS

N
NAa” N7 N
A R s S
5 1 0] 8 1 0 s
¥ ¥ K Y Ry

- - - + + 4+
3-(-2)-0+2-(-3)-5+(-1)-4-1-(-1)-(-2)-5-3-(-3)-1-2-4-0=-30-4-10+9=-35

Tax ke, Kak U B onpeeNInTeNe BTOPOro NOPsAAKa, KaXI0€ ciaraeMoe (popmyJibl
(c TOYHOCTBIO /O 3HaKa + WM —) PaBHO IMPOU3BEACHUIO TPEX DSJIEMEHTOB
OTIPEICTUTENISA, B3SITHIX 110 OJJHOMY M3 Ka)/10T0 CTOJI0LA U KaX /10l CTPOKH.

PaccMoTpuM eme oauH crnocoO BBIUMCIECHUS ONPEICIIUTENEH BTOPOTO H
TpeThero mnopsaka. Jus 3Toro BBeneM NOHATHUS MHHOpAa M alredpandeckoro
JOTIOJIHEHUS DJIEMEHTA djj.

Munopom Mjj >nemeHTa aj; Ha3bIBAETCs ONPEAEIUTEND TOM MaTPULbl, KOTOpas
MOJTy4YaeTCsl U3 UCXOIHOW MOCIIC BRIYEPKUBAHMUSI 1-if CTPOKH U J-TO CTOJOIA, T. €. TOH
CTPOKH ¥ TOTO CTOJ0LIA, KOTOPBIE CONEPKAT AAHHBIN DJIEMEHT.

Hanpuwmep, ecnin

3 4 3.4 3 4
A= 1 2 , TO M12:1 ':1, M22: =3.

2 1.2
1 2 3 1 2 3 ,
Eciu A=|4 5 6|,T0 My = 4——5——6:‘8 ‘:18—24:—6,
7 8 9 78 9
1 2 3 1..2..3
. 1 3 i 4 5
My, =4 5 6= =6-12=-6, M;;=|4 5 6= -32-35=-3.
! 4 6 | |7 8
7 89 8 9

Anzeopauueckum Oononnenuem Ajj dIEMEHTa @jj Ha3bIBAETCS MUHOP 3TOTO

>JI€MEHTa, B3AThIii co 3HaKoM (—1)'*1:
A= (1) Mg,
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T. €. anre0panyuecKoe JIOMOJIHEHHE COBIANAeT C MHHOPOM, KOIJIa CyMMa HOMEpPOB
CTpOKH ¥ cToj0ma (i + j) — YeTHOe YKMCII0, U OTIIMYAETCS OT MHHOPA 3HAKOM, KOT/a
(i + ) — HeueTHOE YHUCIIO.

Hamnpumep, 11t 371eMEHTOB TOJIBKO YTO paCCMOTPEHHOU MaTpullbl 4 TPEThEro
NopsJIKa UMEEM:

Axn = (—1)2+1 * Ma1 = -M21= 6,

Az = (-1)**% - M = —M3, = 6,

A1z = (-1)M3 - Miz = M1z =-3.

BepHeMcs K OmpenenuTensM BTOPOrO MOpsAAKa. BerauciuM anreGpandeckue
JIOTIOJIHEHHUS JIEMEHTOB MATPULIEI

a a
Ao B B
dyy Ay
An = ()" axn = ax, Az = (1) ay = —ap,
An = (1) Y ap =—an, Az =(1)*?an = an.

HOI)TOMY OIIPCACIINUTCIIb BTOPOI'O ITOPAAKA MOIKCT OBITH 3aIMCcaH TaK:

|A| = ani@22 — apaz = anaz + ap(—az) = anAnr + anAa,

T. €. OH paB€H CyMMe IIPOU3BEACHUI 3JIEMEHTOB MIEPBOI CTPOKU HA COOTBETCTBYIOIIHE
anredOpandeckue ponosgHeHus. Ilomyuennas Qopmyna Ha3bIBaeTCsl pas3iioKEHHEM
OIIPEAEIUTEIIA IO 2JIEMEHTAM IIEPBOU CTPOKH.

O4eBUIHO, YTO TAKXKE CIPABEIIMBEI CIEAYIOIINE TPU (HOPMYJIBI:

|Al = an@z — ap@21 = au1dz + (—a12)a21 = Axdze + Andz = anAz + anhAx —
Pa3JIoKEHUE ONPEASTUTENS 110 JIEMEHTAaM BTOPOI CTPOKH;

|A| = an@z — apdr1 = anidze + (—a2)ax: = a11A11 + Anazx = anAn + anho —
Pa3JIoKEHUE OTPEASTUTENS 10 DJIEMEHTaM IIePBOro CTOJIONA,;

|A| = a11822 — @12821 = A1182 + A12(—821) = Azz822 + A12A12 = A12A12 + A22A22 —
Pa3NIOKEHHE OINPEACIUTENS TI0 dJIEMEHTaM BTOPOTO CTOJOIIA.

Taxum obpazom, onpederumens 6mopo2o NOPSOKA PAGeH CyMMe NPOU38eOeHUll
NeMeHmo8 000l CMPOKU Ul CMOoIOYa HA COOmeemcmeaywue anieeopaudecKue
OONONHEHUSL.

Takum jxe CBOMCTBOM 00JIa/Ia€T U ONPEACIUTENb TPEThero nopsiaka. [Ipoepum
ATO JJIsi AJIEMEHTOB, HAlpUMeEp, BTOPOUM CTpoku. st 3TOro HaiigemM HeoOXOaUMBbIE
anreOpanyecKkue JOMOJTHEHUS MaTPHUIIbI

a1 & Y3
A=|a, 8y a8y
d3; 83 dg3
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a a
21 Q12 Q43
A =(-D)- = —(ay,833 — 81383,) = 8383, — 8,833,
dzp dg3
a a
212 Q11 Q3
Ay, =D = Q41833 — 43831,
dz; Az
a a
243 |11 Qo
Ay =(-D" - =—(ay185; — A15851) = 81857 — 811835
dz; Az

PaccmoTpum dhopmyny
|A| = aqpdgedss T agpdgzds; + Aziazzaiz — Ajzdpedss — Axidizdaz — Azpdzzdil.

B mpaBoii yactu BeIHECEM 3a CKOOKM YHCIIa, SIBJISIOIIUECS dJIEMEHTaMU BTOPOM
CTPOKH:
|A| = 321(3323-13 - 312333) + 322(311333 — 313331) + 323(312331 — a32311)-

BBIpa)KeHI/I}I, CTOAIINC B CKOOKax IIpu 3JICMCHTAax aij, PaBHbI BbBIYHMCJICHHBIM
BBIIIC aJII‘€6paI/I‘I€CKI/IM JOITIOJIHCHUAM 3THUX 3JICMCHTOB. CJIGIIOB&TGJII)HO, IIoJIy4acM
Pa3JI0KCHUC OIIPCACIIUTCIIA 110 3JICMCHTAM BTOpOﬁ CTPOKH:

|Al = @21A21 + @22A22 + 823Az3.

AHaJOTUYHO MOXHO TMOJYYUTh PA3JIOKEHUE OIMPEICIUTEN MO dJIEeMEHTaM
000 IPpYyroit CTPOKHU MU JIH000TO CTOJIOIIA.

Taxum ob6pazom, onpederumens mpemve20 HOPAOKA (MAK odce, KaAK U
onpedenumens 8Mopo20 NOPAOKA) paseH CymMme NpPOoU3BeOeHUll 1eMeHmos aoou
CmMpOoKU Ui 1106020 CMoadya Ha coomsemcmayloujue aneeopauieckue 0ONOJHeHUs.

Ipumep.
Bpruuciaute onpenenutens
3 -1 -2
4 2 5
-1 1 -1

Pewenue.
Paznoxum onpenenurens mo 3j1eMeHTam IepBor CTpoku. [lomyyaem:

3 -1 -2 )
4 2 5|=ayA;+a,A,+aAs=3-(-)" 1
-1 1 -1

_F’JI (D (-

4 SJI
+
-1 —

4 2
+(=2)- (-2 | =¥ (2541 (445 -2 (4+2)=-21+1-12=-32
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5.4. OnpeneanrtejJn N-ro NMOPsiAKa

B mpeasigymem mnaparpade ObUT0O MOKa3aHO, YTO OMPEACIUTENH BTOPOTO
U TPEThEro MOPSAIKOB OO0JAAIOT OJWHAKOBBIM CBOMCTBOM — OHHU PaBHBI CyMMe
NPOU3BEACHUN 3JEMEHTOB JIOOOH CTPOKM MM CTOJIONA HAa COOTBETCTBYIOLIME
anrebpanveckue MOMOJHEHHUs. TeM caMblM BBIYHCIICHHE OMpEACIUTENEeH BTOPOTO
MOpsiIKa CBOAMTCS K  BBIYMCIEHUIO ONpENENUTENe MepBOro Mopsaka, a
ONpENEIUTENIEd TPEThEro IMOPSAKA — K BBIUMCICHUIO OIPEACIIUTENEH BTOPOIroO
nopsiaKa.

MosxHO moka3aTh (Tak ke, Kak 3T0 ObUIO CII€JaHO BBIIIE Ul ONpEIEIUTENCH
BTOPOT'O U TPETHETO MOPSAKOB), UTO Y MPOU3BOJIBHON MaTpPHUILIbl YETBEPTOrO MOPSIKA
CyMMa IPOU3BENECHUN AJIEMEHTOB @;j JIIOOOH CTPOKM WM JIIOOOro CTOJ0LIa Ha
COOTBETCTBYIOIIME  ajredpanyeckue JOMOJHEHUs  Ajj, KOTOpblE  SBISAIOTCA
ONPENEIUTEIIMA TPETHETO MOPsIJIKA, €CTh BEJIMUMHA MTOCTOsIHHAsA. OHa U Ha3bIBaeTCA
ONpEIEIUTENIEM YETBEPTOr0 NOpsAAKa. Tenepb MOKHO aHAJIOTHYHBIM 00pa30M BBECTHU
MOHSTUE OINPENCNNUTEN MATOr0 MOpsJIKa, BBIPA3HB €ro 4Yepe3 airedpanyeckue
JIOTIOJIHEHUSL DJIEMEHTOB KaKOH—JINOO CTPOKM WM CTOJIONA, T. €. ONPEACIUTEIH
YETBEPTOro MOpsiiKa, KOTOpble yxke ompeneneHsl. M tak nanee. Takum oGpazom,
IIPUXOJUM K CJIENYIOIIEMY OIPEAEIECHUIO.

Onpedenumenem N-20 nOPAOKA HA3ZBIBACTCS YUCIO |A|, BBIUUCIIEMOE TIO
oJIHOU U3 hopMyiI:

n
|A| =8 A; 8 A+ 3 A :kzaikAik ,
1

n
(A =ag A +ayAy) +...t 8y Ay :kzaijkj :
=1

[TepBas hopMmysia Ha3bpIBACTCS Pa3Ji0KeHUEM ONpPeIeJTUTeNsl M0 YIeMEeHTaM i-
i CTPOKH, BTOpasi — pa3JiozKeHHeM OIpeaeTUTeIsl 10 3JIEeMEHTaM |-T'0 CToJIouA.

CoryacHo OIpeAesICHUI0 BHIYUCIICHHE ONPEISTUTENICH N-T0 MOPsIAKA CBOIUTCS
K BBIUMCJICHUIO O0JIee MPOCThIX onpeaenutenei (N — 1)-ro mopsaka.

IMpumep.
BerunciuTh onpenenurens 4eTBEPTOro MopsijKa
12 -1 O
-11 2 1
10 2 O
12 0 -1
Pewenue.

B npuHIumne, pa3noxkuTh ONpeaeIUTeIh MOXKHO 10 JIEMEHTaM JIF000# CTPOKH
(cronbua). OnHako 00BEM BBIYMCICHUM MOYHO CYIIECTBEHHO YMEHBIIUTH, €CIIU
BbIOpaTh TaKylo CTPOKY (CTOJOell), B KOTOPOil €CTh 3JIEMEHTHI, paBHbIe HymO. [lpu
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ATOM 4eM Oomblie HyJeHd, TeM jyumie. Hanbonee moaxoAsmmMu B HAIIeM CiIydae
ABIIIIOTCS. TPEThbS CTPOKAa WJIM YETBEPTHIM CTOJIOEL, COJAEp)Kallue IO JBa HYJIS.
Pa3noxxum omnpenenuTens MO JIEMEHTaM TPETbEW CTPOKH, a IOJyYUBIIHECS B
pe3yabTare ONPEAEIUTENN TPETHETO MOPAAKA — 10 HIIEMEHTaM IIEPBOU CTPOKMU:

12 -1 0
2 -1 0
-1 1 2 1 "
=1-Ay+0- Ay, +2-A,+0-Ay=1-(-)*|1 2 1|+
10 2 0
2 0 -1
12 0 -1
12 0 .
+2-(-D*. -1 1 1|=1-|2-(-D"*- + (-1 - (-D*2. , 1‘
12 -1
141 1 142 -1 1
+2-|1-(-)*- +2- (=Dt ) =1-2-(-2)+1-(-1-2)) +

$2.(1-(-1-2)-2-(1-1) =1 (-7) +2-(-3) =13,

5.5. OcHOBHBIE CBOMCTBA ONpeaeauTe/en
1. Onpeoenumens ne mensaemca npu MpaHCROHUPOCAHUU MAMPULbL.
Loxaszamenbcmeo. JlokaxkeM 53TO CBOWCTBO [JIsl ONPENEIUTENEH TPETHETO
nopsiaka. [lo mpaBuity TpeyrojibHUKOB UMEEM:
&1 8, g3
|Al=]a, a5, &=
83 dgp dg3

Aq1899833 T 815893831 + Ap183p813 — 843855831 — Q1815833 — Ap3832 1,

djp Ay Ag
AT
A ‘: Ay 8y Ay (=
Qi3 Ay3 Az

Qp1897833 + Ay183y8 3 + 81983837 — Agq87,813 — Apq819833 — A38938y4

OueBuIHO, YTO
Al = |A].

OTO CBOWCTBO CBHUJICTEIBCTBYET O PABHOMPABHH CTPOK U  CTOJIOIOB
omnpenenutens. VHaue TOBOps, BCSKOE YTBEpPXKIEHHUE, JOKAa3aHHOE Il CTPOK
ompenenuTens, OyIeT CIpaBeJIuBO U IS €ro CTOJIOIOoB, 1 HaoOopoT. [TosTomy Bce
paccMaTpuBaeMbIe Jajiee CBOMCTBA ompesenuTenield OyaeM M0Ka3blBaTh TOJBKO IS
€ro CTPOK.
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2. Ecnu eéce anemenmubt HeKOmMOpoi cmpoKu (cmoaoya) onpeoeaumens pasHvl
HYJ110, MO Onpedenument maKice paeeH Hyuio.

Jokazamenbcmeo.  JIeCTBUTENBHO, €CIH BCE DJIEMEHTHI I-i  CTPOKH
ONIPEAETUTEIIS PAaBHBI HYJIIO, TO, PA3JIOKUB OMPEACTUTEND 110 JIEMEHTAM 3TOM CTPOKH,
MOTYYUM:

|A| = aitAin + apAin + ... +ainAin=0-A1+0-Ap+...+0-A,=0.

3. Ilpu nepecmanoske mecmamu 08yx cmpokK (cmonbuos) onpeoeaumeis
MeHsaem 3HaK.

Jlokazamenvcmeo. JIOKa)keM 3TO CBOWCTBO ISl OIPEICIUTEIIEN TPEThETO
nopsiaka. [1o mpaBuily TpeyroiabHUKOB MOJY4YaeM:

&1 & 83
[A=| 8y 8y 8 |=ay85855 + 8583851 + 81835813 — 813881 — A1p81833 — BpgBgrB1”
831 83 Qg3

[lepecraBuM MecTtamu, [Jisi OMPEACIICHHOCTH, MEPBYIO M BTOPYIO CTPOKH, a

3aTEM BBIYUCIIUM ITOTYUYEHHbBIA ONPEACTUTEND | A |:
dy; 8y Ay

A=l ay Qp &z |= 858853 + 85838 + 81183893 — Bps818g; — 8pBy1833 — 8138558,
d3; d3; dg3

[TonyuenHoe BbIpaxkeHUE ISt ‘A" COCTOUT U3 TEX XK€ IIECTU CJIaraéMbIX, 4TO
U BBIpaeHUe s |A|, HO B3SATBIX C MPOTUBOMOJIOXKHBIM 3HaKOM. ClieI0BaTEIIBHO,
A=A

4. Onpedenumens, umerouwiuili 06e 00UHAKOBblEe CMPOKU (cmoaodua), pasen

HYJ10.
Hoxazamenvcmeo. IlomeHsieM Mectamu B ompenenurtene |A| OIUHAKOBBIC

, OUCBHUJHO, HHUYEM HE

cTpoku (ctosOiel). [lomydeHHBIM OMpeneTuTeNb ‘A'
OTJIMYAETCS OT UCXOJHOTO, TTOITOMY ‘A" =W C npyroii CTOpOHBI, IO CBOMCTBY 3
uMeeM ‘A" = —‘A‘ CnenoBarenbHo, |A|=—|A|, otkyna 2|A| =0, a 3nauur |A|=0.

5. Obwuit muoscumens Inemenmoe 060U cmpoku (Cmoadua) MosHCHO
6bIHOCUMDb 3a 3HAK ONpedeumens.

Jloxazamenvcmeo. I1ycTh, 715 ONPEICTICHHOCTH, BCE DJIEMEHTHI IIEPBOI CTPOKH
UMCIOT O0IMii MHOXHTENL K T. e. mpencraBumbl B Bujae  Kai. Berumcnum
OTIPENICIIUTEIIb, PA3JIOKHUB €T0 IO dJIEMEHTaM IePBOM CTPOKH:

kail kaj_z kain
a a a

21 G M =kay, Ay + ka, A, + ..+ ke A =
dy ad,» Ann
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&1 & v Gy

81 8y Ay
=k(a A +a A+ 8 Ay ) =K

Ay Gy vt @y

Takum 00pa3om, B OTIMYUE OT MATPUIIbI, 32 3HAK KOTOPOH MOXHO BBIHOCUTH
oOIMit MHOYKHUTEITb JIMIIb BCEX AJIEMEHTOB, 32 3HAK OMPEICITUTENSI BBIHOCUTCS 00NN
MHOKHUTEIb 3JIEMEHTOB OJTHOM CTPOKU WM cTonoma. Hanpumep:

2 0 8 10 4 10 4 10 4

4 2 -2|=2-|4 2 -2|=2-2-|2 1 -1|=2-2-2-|12 1 -1},
6 4 2 6 4 2 6 4 2 3 2 1
2 0 8 1 0 4
Ho |4 2 -2|=2-12 1 -1].
6 4 2 3 2 1

DTO CBOMCTBO MOXKHO C(POPMYITHUPOBATH TAK)KE CIICIYIOMIUM 00pa30M: €CJIH BCE
DJIEMEHTHI KaKOH-TO CTPOKH HJIM CTOJIONA OMPEAEIUTENII YMHOKUTh Ha 4nuciao K, TO
OIIPEAEIUTEIIb TAK)KE YMHOKHUTCS Ha 3TO 4ucio K.

6. Onpedenumens, cooeprcauwiuit 08¢ NPONOPUUOHATIbHBIE CHIPOKU

(cmonoua), pasen Hy.

Jokazamenvcmeo. Ilyctb  i— " J—s CTPOKH  ONPEACIIUTEIIS
IPOTIOPIIOHATIBHEIE, T. €. a1 = kair, ap=kap, ..., ajn=Kain.

Tornma, mpuMeHsisi CBOMCTBO 5 O BBIHECEHHMH OOIIEr0 MHOXKHTEINSI 3JIEMEHTOB
CTPOKM 3a 3HaK OIPEJENUTENIsI U CBOMCTBO 4 O PABEHCTBE HYJIIO ONPEACITUTENS
C OJJMHAKOBBIMHM CTPOKAMHU, MOJTYUHM:

Ay Qi vt Q| (A @ ot @y, dp Qi @y,

aj @, v Ayl ke ka, oo ke Ay & &,

7. Cymma npouseedeHuili 31emMeHmos ool cmpoku (cmoaoua)
onpedenumens Ha anzedpauyecKkue OONOTHEHUA INEMEHMOE OpYy20il CHMPOKU
(cmonouya) smozo onpedenumens paeHa Hyuo, T. €.

n
ZaikApk =0 npu [E= P,
k=1
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n
2.3 Ap =0 mpu j=p.
k=1

Lloxaszamenbcmeo. PaccMOTpHUM ONPEIEIIUTEID ‘A'

, HOHy‘leHHBII;’I U3 UCXOJHOTI'O

ompenenutens |A| 3ameHoi P-i cTpokW Ha I-10:

a, a, - a,|—I1-s ctpoka
| A'l=

— p-5 crpoka.

Onpenenurens ‘A" MMEET JIB€ OJWHAKOBBIC CTPOKH, IMOATOMY, COTJIACHO

CBOWCTBY 4,

A" =0. C apyro#t cTopoHbI, pa3yiaras €ro 1o 3JIeMeHTaM [P-i CTPOKH,

MOJIy4aeM:

n
'
‘A‘ =ai1Apl + aiZApz +...+ ainApn = ZaikApk.
k:

n
CresjoBaTenbHO, . i Apc =0 (i =p).
k=1
8. Ecnu 6ce n1emenmul -l CMPOKU NPeOCHABUMbL 6 GUOE CYMMbL 08X
Cllazaemuix:
&y =y +ay,
mo u gecb onpedenument MON}CHO NPEOCMAGUMb 6 GUOE CYMMbL 08YX
onpedenumeneil, y KOTOPBIX 3JEMCHTaMH I-H CTPOKH SIBJISIFOTCS COOTBETCTBEHHO
MepBbIC U BTOPHIC CllaraeMble, a BCE OCTAIbHBIE CTPOKH TaKUE Ke, KaK Y UCXOJIHOTO
ONpeaeTUTENI:

ajq Ay e a, d dp o Gy d Qp -

14 14 ! 14 ! 14 ! ! 14 14 14 ”
Qg tay Qpt+ap 0 Ayt S| dp Qi 0 iy [T @ o @
an Ano e anp dy  Qpp ot Ay, dy Ay 0 Ay,

AHanornyHOE YTBEPKJACHHE HMMEET MECTO U JIJIsi CTOJIOIOB.
Jloxazamenvcmeo. (O003HAYMM OMNPEACIUTENN, CTOSIIAEC B MPABOM YacTH

paBEHCTBA, A" u ‘A"‘ COOTBETCTBEHHO. Pa3nouM UCXOHEIN onpenenuTens |A| mo

dJIEMEHTaM |- CTPOKM M BOCIOJIB3yeMCS TE€M, YTO alircOpandecKue OMOTHCHHUS
DJIEMEHTOB I-i CTPOKH TSI BCEX TPEX ONpee/nuTeNIeH OarMHaKkoBbL. [Toaydaem:

(A " ' " ’ " (A ’ ’
| Al=(aip +a1) A + (a2 +ai2) Ap +...+ (@i + i) Ay = (8 Ag + 82 A+ +8ip Ap) +

4

+(aj Ay + a5 A, +.HapAg) S AT+ AT
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SIcHO, 4TO eciiu BCe DJIEMEHTHl KaKOW-HUOYIb CTPOKH TMPEACTABICHBI B BHUJIC
CYMMBI K ciaraeMbIX, TO OIpeIEIUTeNb TAKKEe MOKHO MPEICTABUTh B BUIE CYMMbI K
OIPEICITUTEIICH.

ITpumep.
Havitu 3HaueHune onpenenuress
1+2a 1 a x
|1+2b 2 b X
A= 1+2c 3 ¢ X
1+2d 4 d x
Pewenue.

DNEeMEeHTHI TEPBOTO CTOJOIA SIBJISIOTCS 3/16Ch CyMMaMH JIBYX CJIaraeMbIX,
MO3TOMY COTJIACHO CBOMCTBY 8 UMEEM:

11 a x 22 1 a x

1 2 b x 2b 2 b x
A= +

1 3 ¢ X 2c 3 Cc X

1 4 d x 2d 4 d x

B nepBoMm ormpenenuTesne NepBblid cTONOCI MPOTOPIMOHANIECH MOCIEAHEMY, BO
BTOPOM K€ TIEPBBIA CTOJIOCI] MPOIOpPIHOHANIeH TpeTbeMmy. CreaoBaTesbHO, IO
CBOWCTBY 6 00a OHM paBHbI HYJIIO, a 3HauuT, |A|=0.

9. Beauuuna onpeodenumens He UIMEHUMCA, eCIU K IJIEMEHMAM KAKOIi-
HUOYOb cmpoku (cmonodouya) npudasums COOmeEemcmeyruiue 31emMeHmsl Opyoul
cmpoku (cmonoya), ymuodcennole Ha vucio K.

Jloxazamenvcmeo. IlycTb, 1isl OTIPEICACHHOCTH, K AJIEMEHTaM MEPBOM CTPOKH
prOaBJICHBI DJIEMEHTBI BTOPOH CTPOKH, YMHOXKEHHBIC Ha K. BhIUHCIMM MOJTydIeHHBIH

, ICTIOJIb3ysl CBOMCTBA 8 U 6:

!’
OTIpEICIIUTEITb ‘A

a,, +ka,, a,+ka, ... a,+ka, Ay A, ... Ay
A o A
anl anZ ann an1 an2 ann
Kay Kkay, ... Kkay,
n a21 a'22 a2n Z‘A‘-l-O:‘A‘.
anl anZ ann

10. Onpeoenumensv npouzeedenus 08yx KeaopamHuvlxX Mampuy nopaoka N
pasen npouseedenuro ux onpedeanumeneii: |AB| = |A| - |B|.
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Lokazamenvcmeo. JIokaxkeMm 11 MaTpuL, BTOporo nopsaxa. Ilycts

RV B b, by

1

Ay Ay b,; by,

A= , ToTIa

a0y +ah,,  ajsby, +agh,,
Q9D ; + a5, Ay, + Ay,

AB =

ITo cBoiicTBY 8 nmeeM:

a a a..b a.,b
‘AB‘ — llbll 11b12 + 12~21 1222 _

Bp90p0 + 850051 Bpi0y, + A0 [Bn405 + 3500, 3,405, + a0,

_ aby  ayby, + aby by, 4 CIRUSC P Y + abyy a0y,
APy Byl (b By0|  [B2ibyy Bl (Bl 8550
[lepBblii U MOCAEOHUNA OMPEACTUTENN PABHBI HYJIO IO CBOMCTBY 6, T. K. HX

CTPOKH TMPOMOPIUOHAIBHBL. J[JI1 BBIYMCIIEHUS BTOPOTO U TPETHETO OMpEeIUTeNeh
BOCITOJIB3yeMCS CBOMCTBaMH 5 u 3!

a a
11:)11 1132 =ad113y) Ell iz = allazz‘B‘,
Ayo0p1  Apo0p) b1 Do
apby;  aghy, B b, by, B b, by, B B
= Qpp8y —_312321b b —_312321‘ ‘
b, b, b, by b1 Da

Takum o6pazom,
|AB| = a11a22|B| — a12a21|B| = (allazz — a12a21)|B| = |A| . |B|

W3 storo cBoiicTBa ciemyer, uto qaxe eciu AB = BA, To |AB| = |BA|.
[lepeuncneHHble  CBOMCTBA  ONPEHEIUTENICH  IO3BOJSAKOT  CYLIECTBEHHO
YOPOCTUTH UX BBIYMCIEHUS, 0OCOOCHHO ISl ONIPEEIUTENECH BBICOKUX MOPSIIKOB.

5.6. BoruuciieHue onpeaeuTesieil MeTo0M NOHUKEHHUS OPSAKA

CornacHo OMNpeeNeHuI0, ONMpPeNeTUTeNb YETBEPTOrO MOpPSAKa PAaBEeH CyMME
MIPOU3BEJICHUN DJIEMEHTOB KaKOW-TMOO CTPOKU WIIM CTOJIOIA Ha COOTBETCTBYIOIIHEC
anre6pa1/1qec1<ne AOIIOJIHCHHUA, KOTOPBIC ABJIAIOTCA OIPCACIUTCILIMHU TPCTHETO
IIopAaKa. HOBTOMy BBIYHCJICHHUC OIIPCACIUTCIIA YCTBCPTOrO IIOpAAKA CBOJIHUTCA K
BBIYHCJICHUIO YETBIPEX OHpGJI@HHTCHCﬁ TPECTHCTO MOPAIKA.
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Brrauciienue onpeaenuTens MmAaToro MOpsiaKa CBOIUTCS K BBIYUCICHUIO IISATH
OIpeIeTUTEeNel YeTBEPTOTo MOpsiKa, a, CIeAoBaTebHO, 5 - 4 = 20 onpexenureneit
TPETHETO MOPSIKA.

Brrauciienue onpeaenuTens mecToro NopsaKa — MeCTH ONpeAeTUTeNeH MIAToro
nopsinka, 6 - 20 = 120 ompeaenuTenel TpeTbEro MOpsAIKa, U T. 1.

Takoit cioco0 BBIUUCICHHST OYCHb TPYAOSMKHI M Ha MPAKTUKE, KaK MPaBUIIO,
HE HCIOJIB3YeTCs. B TO yke BpeMs IJ1s onpeieuTelieii HEKOTOPOTro CIIeIHaIbHOTO BHIA
TaKWe BBIYKMCIICHUS HE MPECTABISIOT HUKAKOH CIOKHOCTH. PaccMoTpuMm crienyromuit
npumep.

IIpumep.
Brruucnuth onpenenanTens nToro nopsaka
2 3 -1 21
00 2 00
2 0 1 -10
30 2 00
-1 2 1 21
Pewenue.

B naHHOM ciywae A pasiioKeHHs 1EeIeco00pa3Ho BbIOpaTh BTOPYIO CTPOKY,
TaK Kak HaJWM4YMe€ B HEH YEThIPEX HYJIEBBIX AJIEMEHTOB JAa€T BO3MOXKHOCTh HE
BBIYMCIISATh COOTBETCTBYIOIIME  alreOpanyeckue JomnojiHeHus. B  pesynbrare
MoJy4aeM He 5, a Bcero | onpenenurens 4€TBEPTOro MOpsaKa:

2 3 -1 21
3 1
00 2 00 . )
2 0 1 -1 0|=2-(-1y". ~
0 0

30 2 00
12 21

-1 2 1 21

Teneps ansg  pas3nokeHHs BbIOEpEM IO TOM K€ MPUYUHE TPEThIO CTPOKY, B
pe3yJabTare nojydyaem He 4 onpenenuTess TPEThEro MopsaKa, a TOJbKO OJUH:

3 21
=-2.3.(-1".|0 -1 0|=
2 21

[lomydeHHbI  ONpeneauTeNlb MOXXHO  BBIUHCIUTH JIIOOBIM  CIIOCOOOM,
paccMOTpeHHbIM Bbllle. Ho ObicTpee Bcero mojyduM pe3ysbTaT, Ppas3liokKHB
ONPENEIIUTEID 10 IJIEMEHTAM BTOPON CTPOKH:

6. (1) (17?2t 31-1.2)=6
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PaccMoTpenHbIl mpuMep MOKa3bIBAET, YTO €CIU Y ONpEeAeTuTeNs N-ro mopsaKa
€CTh CTpOKa ( WJIU CTOJIOEI]), BCE DJIEMEHTHI KOTOPOH, 32 UCKIIFOUEHHEM OJIHOTO, PaBHBI
HYJII0, TO PACKJIaJIbIBasi OMPEACIUTENb M0 AIEMEHTaM 3TOM CTPOKH (3TOro CToJoIa),
BMeCTO N ompenenurenied (N — 1)-ro mopsjaka TOJdy4aeM BCEro  OJMH
omnpenenutenb (N — 1)-ro nopsaka. KoneyHo, Ha MpaKkTHKE ONPEICTUTENIN TAKOTO BU1a
BCTpeYaroTcsl peako. [loaromy /uisi BBIYUCIEHUS ONpeeuTeNel BRICOKUX MOPSIKOB
PEKOMEHIyeTCsl MPUMEHSITh METOl MOHUKEHHUS MOPSIAKA, KOTOPBIM 3aK/II04aeTcs B
cineaywomieM. Mcnons3ys CBOWCTBa ompeaenuTeneii (B OCHOBHOM CBOMCTBO 9),
UCXOIHBIA OMpeaenuTeIh MpeodpasyeTcss Tak, YTOObIl B HEKOTOPOHMl CTpOKe  WIH
CTOJIOLIE OCTajCs OAWH OTJIIMYHBIA OT HyJs sneMeHT. [locie 3Toro ompenenuTens
paznaraeTcs Mo 3JeMEeHTaM 3TOU CTPOKH (WM CTOJ0Ia), B PE3yIbTaTe YEro MOPSA0K
ONpENEIUTEIN OHWKAETCA Ha €AMHUIYY. DTa MpoLeaypa NOBTOPSAETCA 10 TeX Mop,
MOKa HE TMOJIy9aeTCs OMpPENeIUTENh BTOPOTO WM TPEThETO MOPSAIKA, KOTOPHIHA
BBIUUCIISICTCS] HETTOCPEICTBEHHO.

Hpumep.

BoruncnuTh onpenenurens

1 2 3 1
21 1 0
1 2 -1 2
30 2 -3

Pewenue.

[IpeoOpaszyem omnpeaenurens Tak, YTOObI BO BTOPOM CTPOKE BCE 3JIEMEHTHI,
KpOME €JIMHULIBI, CTOSIIIEN B TPETheM cTOoJIONE, 0Opamanuch B 0. {11 3TOro yMHOXKHUM
AJIEMEHTBI TPETHEro CcTos0La Ha (—2) U NMpUOAaBUM K COOTBETCTBYIOIIMM 3JIEMEHTAM
MEepPBOT0o CTONOLA. 3aTE€M 3JIEMEHTHI TOTO )K€ TPETHEr0 CTOJIOLA YMHOXHUM Ha (—1) u
npuOaBUM K DJIEMEHTaM BTOporo crosoua. Tperuid cronben; nepenwuiieMm 0e3
M3MeHeHusl. be3 M3MEHEHMsI TakkKe NEepenuileM YeTBEepPThld cTondel, T. K. €ro
AJIEMEHT, CTOSIIMN BO BTOPOM CTPOKE, yKe paBeH HyI0. [lonyyaem:

12 3 1 -5 -1 3 1
21 1 0 o 0 1 O
1 2 -1 2 3 3 -1 2
3 0 2 -3 |-1 -2 2 -3

PackiagpiBaeM noJrydeHHBIN ONPEAETUTEID 110 3JIEMEHTAM BTOPOM CTPOKHU:

-5 -1 1
=1.(-1°.| 3 3 2|=
-1 -2 -3
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[Tony4yeHHbII OnpeneuTeNb TPETHErO MOPSIAKA MOKHO BBIYMCIUTD MO MTPABUITY
TPEYTOJIbHUKOB WM C MOMOIIbI0 Tadmuipl Capproca, OJHAKO MOXKHO MPOJAOKHUTH
ynpouieHue onpenenutens. «OOHYJIUM» BCE JJIEMEHThl TPEThEro cTojoIa, 3a
UCKJIFOUCHHUEM CTOSIIIEH B MEpPBOM CTPOKE €aUHUIIbI. [[Jsi 3TOro 3JIeMEHTHl MepBOU
CTPOKH OIpEACNIUTENs, MPEeIBAPUTEIHLHO YMHOXHUB Ha (—2), MpUOaBUM K 3JIEMEHTaM
BTOPOM CTPOKU. 3aT€M 3JIE€MEHTHI TOM e MepBOU CTPOKH, YMHOKUB Ha 3, MpUOABUM K
aJieMeHTaM TpeTbei cTpoku. [lepByto cTpoky nepenuiineM 0e3 U3MEHEHUI:

-5 -1 1
--1-| 13 5 0|=
-16 -5 0
PaCKJIaI[BIBaH I10 9JICMCHTAaM TPCTBCTO CTOJIGHa, I[MOJIy4acM:
=—1.1-(-)*3. B33 =-1-(-65+80)=-15.
-16 -5

5.7. O06paTHass MmaTpuna

Kak u3BecTHO, 118 Kaxk10ro uncia a # 0 cylecTByeT Takoe YHCIIo @ -, 94T0 a - a~
1= a?'. a=1. Yucno a! HaswBaercs obpatHeM s a. Ecim  paccMaTrpuBaTh
KBaJpaTHbIE MATPUIBI N-TO IOPSAKA, TO B 3TOM MHOXXECTBE MATpPHUI[ €AMHHYHAS
MaTpuia £ urpaet pojib equHHUIbL. ECTeCTBEHHO MOCTaBUTh BOIIPOC O CYIIECTBOBAHUU
00paTHON MaTPHIIBI AL, 1. e. Takol MaTpHIIbl, KOTOpasi B MPOU3BEAECHHUH C JAHHOMW JAeT
CIMHUYHYIO MaTpHIly £. DTOT BOIIPOC M pacCMaTPHUBAETCS B JaHHOM maparpade.

KsanpaTtnas Matpunia A1 HasbIBaeTcs 00pamuoii 118 KBaApaTHOM MaTPHIGI
A Toro ke nopsanka, ecmu A - At1=A41-A=E.

OnHako He KaKaas KBaJapaTHas MaTpHIla UMeeT 00paTHy0. AHAIOTHYHO TOMY,
Kak unciio a = 0 He uMeeT 00paTHOro, TaK U T€ KBaAPaTHBIE MATPHIIEI, OIIPEIEIIUTEND
KOTOPBIX paBEH HYIIIO, TAK)KE HE MMCIOT OOpaTHBIX. J|eHCTBUTEILHO, U3 pPaBEHCTBA
A - A1 = E, nonw3ysce tem, uto |E| = 1, momyqaem:

|4 - A7 =|El=1.
C npyroii cTOpoHBI, COTJIACHO CBOMCTBY 10 onpenenureneid umeeMm:
A4 - A7 = A 47,

Takum obpasom, |A| - |4 = 1, orkyna Beitekaer |A| # 0 B ciyuae
CYIICCTBOBaHMS I MaTpuilel A odopaTHoi. CiienoBarensHo, eciu |A| = 0, To ausa A
00paTHOM MaTpUILIbl HE CYIIECTBYET.

KBampaTHas matpuna A Ha3bIBaC€TCS HEGbIPOHCOCHHOU UMW HEOCOOEHHOU,
eciu |A| # 0, u eviposrrcoennon unu ocobennou, cciu |A| = 0.
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BripokieHHbIE MaTpUIlhl, KaK TOJBKO YTO OBUIO MOKa3aHO, OOpaTHBIX HE
UMEIOT. 3aiiMeMCsl U3yYEHUEM HEBBIPOKICHHBIX MaTpull. CrpaBeIuBa ClIeIyomast
TeopeMa.

Teopema. Y 110001 HEBBIPOKIECHHON MaTPUIIBl A CYIIECTBYET €AMHCTBEHHAs
oOpaTtnas matpuna AL

Jloxazamenvcmeo. 1. Jlokaxkem cylecTBOBaHUE OOpaTHOM Matpuibl. JIJis
ATOTO PAcCMOTPUM  CIEIYIOUIYI0 KBaJpaTHYI0 Matpuily A*, Ha3bIBaeMylo
npucoeouHennou x A:

Av A Ay
| A A Ay
An Ao o Ay

B crpokax wmatpuna A* pacnosnoxeHsl anreOpandeckue JOMONHEHUs Ajj
AJIEMEHTOB COOTBETCTBYIOIIMX CTOJIONOB MaTpuibl A. Takum o0pazom, s
MOCTPOEHUsI TPHUCOCIMHEHHON MaTpuilbl A* HEo0XoauMO CHaudajla 3aMEHHTD
AJIEMEHTHI @jj Ha UX anredpandeckue JoNoNHeHus Ajj, a 3aTeM MOIyYeHHYIO MaTpUILy
TPAaHCIIOHUPOBATH. SICHO, YTO MOHATHUE MPUCOSTUHEHHOW MATPUIIBI UMEET CMBICIT IS
mo00i  KBaApaTHOM MaTpuIllbl (KaKk BBIPOXKICHHOM, TaK U HEBBIPOXKICHHOM).
Boruucnum npoussenenue A - A*:

A

(HammomHuM, 4YTO0 B |-M CTOJOIle MaTpuibl A* CTOST anreOpandeckue
JIOTIOJTHCHHUS DJIEMEHTOB |-i cTpoku MaTpuilsl A). [lo mpaBuily YMHOXKEHUS MaTPHIL
IS 3JIeMEHTOB Dbjj Matpuiel B mmeem:

n
bij - ailAjl =+ aiZAjZ + ...+ ainAjn = ZaikAjk .
k=1

Ho cornmacnHo cBOMCTBY 7 onpeenurenen npasas 4acTh [OJIYYEHHOTO PABEHCTBA
paBHa HyJI0 TipH | # |. B ciiyyae ke | = j, corjacHO onpeeeHHIO, MbI IoJTydaem |A|
(pa3ioXeHue ONMPEISIIUTEIIS IO DJIEMEHTaM - CTPOKH).

CrenoBaTeiibHO,

L _JIAl mpui=]
ij .
|0 npu i # j.

[TosTomy maTpunia B sBisiercss quaroHanbHOM, TPUYEM 3JIEMEHTHI €€ TI1aBHOU

JMarOHAJIA PABHBI ONIPEAECIUTEII0 UCXOAHOW MaTPHULIBIL:
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A0 .. 0 10 ..0
N A =t e
0 0 .. |A 00 ..1

AnHanoruuHo mnposepsieTcss paBeHCTBO A* - A = |A| - E. Takum o0pasom,
YCTaHOBJIEHO OCHOBHOE€ CBOMCTBO NMIPUCOECIMHEHHON MaTpHLIbl A™:

A-A*=4*-A=|A|-E.
Tak kak 1o ycinoBuio TeopeMbl A — HeBbIpokAcHHas maTtpuna (JA| # 0), To,
pa3JeiuB, 3TO PABEHCTBO Ha |A|, moryamnm:

A(ﬁA]{ﬁA]AE

CrnenoBaTesbHO, COTJIaCHO ONPENEIEHUI0 0OPaTHON MaTpPHIIbI,

at=topx

1A

OTUM MBI YCTaHOBUJIN, YTO mo0ast HCBBIPOKACHHAA MaTpUIla A nmeer O6paTHYIO.

2. JlokaxeMm eAMHCTBEHHOCTh OOpaTHOM Martpuubl. llpenmonoxum, 4to y
MaTpuilbl A CyIIECTBYET eiié ojHa oOpaTtHast MmaTpuiia B:

A-B=B-A=E.
PaccMoTpuM paBeHCTBO A - B = E M ymMHOXkHM ero ciesa Ha A
AT-A-B=41-E

Tak kak A1-A-B=E-B=B u A'-E =47 10 monyuaem B =471, 1. ¢,
ecnu oOpaTHas MaTpulla CyIIeCTBYET, TO OHA €IMHCTBEHHA.

B mporecce nokazaTtenbcTBa TEOPEMBbI ObLT yKa3aH BO3MOKHBIN aicopumm
6bIUUCTICHUA 0OPAMHOU MAMPULBL.

1. Haxoaum ompenenutenb ucxoanoi matpuiipl. Eciu |A| = 0, To matpuia A
BBIPOKICHHAA U 00paTHOM Matpunsl A He cymectByeT. Ecim |A| # 0, matpuna A
YMeEET eIUHCTBEHHYI0 00paTHYI0 Marpumy A L.

2. Haxoaum anre6panueckue AonojgHeHus: Ajj BCeX JEMEHTOB MaTpulibl A.

3. CocrapisieM mpucoeAMHEHHYIO MaTpuily A*, pacronaras anreOpandeckue
JIOTIOJTHCHHUS DJIEMEHTOB I-i CTPOKHM MaTpuilbl A B I-M cTOJ0IIE MaTpHIbl A*,

4. BeruncnsieM 00paTHYIO MaTpHILy 10 GhopmyIie:

4 1
A" =— A%
A
5. IIpoBepsieM MpaBUILHOCTH BBIUUCIEHUSI OOpAaTHON MaTPHIIbl, UCXOI U3 €&
OIIPEICIICHHUS.
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IIpumep. Haiitu matpuity, 00paTHYIO K JTaHHOM:

2 3 -2
A= 0 1 -2|.
-3 -1 1

Pewenue.
1. Haxomum |A|, pasnaras onpenemreb 1o 3JIeMeHTaM IIepBOTo CTOJIOIA:

2 3 -2

A= 0 1 -2|=2.(-1"
-3 -1 1

T. €. MaTpula A HEBBIPOKJEHHAs U oOpaTHas Matpuna A1 CylecTByeT.

3 -2
1 -2

1 -2
-1 1

=2-(-1)-3-(-4)=10=0

(30

2. Haxomum anreOpandeckre JOTOTHEHUS DIEMEHTOB MaTPHUIThl A!

A, = 1 —2‘=_1’ A21=—‘3 —2:_’ 1:3 —2:_ |
-1 1 -1 1 1 -2
0 -2 2 -2 2 -2
A12:_3 1‘:61 A22:_3 1‘:_ , 2_—‘0 _2‘:4,
0 1 2 3 2 3
A13:_3 _j|:3’ A23:__3 _JJ:_7, Assz‘o 1‘:2
3. CocrapisieM IPUCOSAMHEHHYIO MaTPHILY:
-1 -1 -4
A=l 6 -4 4.
3 -7 2

4. Bpraucinsem o0paTHYIO MaTpUILY:
-1 -1 -4 -01 -01 -04

6 -4 4|= 06 -04 04|
3 -7 2 03 -0,7 02

1

At=—.
10

5. Jlemaem mpoBepKy:
2 3 -2\(-1 -1 -4

A-A‘lzi-A-A*:% 0 1 -2|-| 6 -4 4|=
A -3 -1 1) 3 -7 2
. —-2+18-6 —-2-12+14 -8+12-4 L 10 0 O

=5| 0+6-6  0-4+14  0+4-4 =/ 0 10 O |=E.
3-6+3  3+4-7 12-4+2 0 0 10
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Taxum oGpazom, oOpaTHast MaTpHIla HallJleHa IPaBUIIBHO.
JIn1s1 HEBBIPOXKICHHBIX MATPUI] BBIOIHSIIOTCS CIICAYIOIINE CBOMCTBA:

A_l‘zﬁ,

2. (A1 = A, 4. (Ao (at]"

DTU CBOMCTBA JIETKO IIPOBEPUTH, UCIIOJL3YS OIpeeIeHHe 0OPATHOM MATPHULIbI
1 cBoiicTBO 10 ompenenureneii. OTMETHM, YTO CBOMCTBO 3 CIPABEIUBO U B CIIy4ae
IIPOM3BOJILHOTO 4YMclIa coMHOXuTeneid. Hanpumep, ecnu 4, B u C — 1pm
HEBBIPOKJICHHBIC MaTpUIEl N-ro mopsaaka, To (A-B-C)1=C?t.B1. 41,

1.

3. (A-B)t=Bt.A

Bonpocsl 1J151 CAMOKOHTPOJISE
1. Yto Ha3bIBaeTCS MaTpUIICH?
2. Uro moHMMaeTcs TOJA  Olepanuedl TPaHCIOHUPOBAHUS  MATPHUIIBI?

1 2 3
?)
4 5 6

3. Ilo xakoMy mpaBWIly CKJIaJbIBAIOTCS MaTpuilbl? MOXHO JIM CJIOXKUTH JIBE
MaTpHUIIbI C pa3MepHOCTIMU 2 x 3 1 3 x 17?

4. MOXHO 71 U3 OJIHOM MaTpHUIlbl BeIUeCTh Apyryro? Kak ato caenats? Kakum
YCIIOBUSAM JIOJIKHBI YJIOBJIETBOPATH MIPU ATOM Matpuilpl? Kakyro pasMepHOCTh UMEET
MaTpuIla, SBISIIONIASCS PE3YJIbTATOM ATOU Oneparuu?

5. Kak ymHoxarTcst MaTpuilbl? MOXHO JIU YMHOXKHUTH MaTPUILy Pa3MEPHOCTH
2 x 3 Ha MaTpUILly TaKOH K€ pa3MEPHOCTH?

6. Kakas pasmMepHOCTb MaTpHIIbl A, eciii u3BecTHO, uto (1 3 5)- A = (-1 2)?

7. Kakumu cBoiicTBaMu 00J1aJjaeT ornepaiys YMHOKECHHS MaTpuil?

8. Kakas maTpuiia BEITIOIHAET POJIb €IMHUIIBI B OTIEPAIIMN YMHOXKESHHS MaTPHUIL
N-ro nopsaka?

CyILIeCTBYET JIM TPAHCIIOHMPOBAHHAS MAaTPUIA Uit MaTtpunsl A=

3 5 -1
2
2 4 0

10.Yto Takoe mpaBWIO TpeyroibHUKOB? Kak BBIUMCIUTH OMpPEIETUTENh
TPEThEro MopsiiKa, UCTIOIL3ys Tabnuiy Capproca?

11. Yro Takoe MUHOp U anreOpanyeckoe TO0NOJHEHUE dJIEMEHTA aij?

12. Kak BBOAMTCS IOHATHE ONPEACTUTENST N-TO Mopsiaka?

13. B uem cyTh MeTO/Ia TIOHMKECHHS TIOPSIIKA, TPUMEHSIEMOTO /ISl BEIYUCIICHUS
onpeaeauTeNnei?

14. Kakas maTpwuIia Ha3pIBaeTCsl 0OpaTHOM Il JaHHON MaTpuIlbl A?

15. JIy1 KakuxX MaTpUIl CyHIeCTBYeT obpaTHas Matpuna A 1?

16. Kakoii anropuT™ HaX0XICHHUS OOpaTHOW MaTPHUIThI?

9. CyIecTByeT 1 ONpeaeNuTelh MaTpusl A =
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I'naBa 6. CucreMbl JMHEHHBIX aJIre0panvecKux
YPABHEHU U

6.1. OcHoBHbBIE MOHATHUA U GOPMBI 3aNINCH
PaCCMOTpI/IM cucremMy m JIMHEMHBIX ypaBHGHI/Iﬁ C N HEU3BECTHBIMHU X1, X2, ..., Xn.
B O6HICM ClIy4ac TaKyro CUCTCMY MOKHO 3aIIUCATh B CIICAYIOIICM BUIC:

Xy +apX, ot ayX, =hy,
Ay X +AxXy +..c+ 3y X, =Dy,

Ay X + 8o Xy oot 8 X, =Dy
Takas hopma 3amucu HA3BIBACTCA PA3ZGEPHYMOU.

WNuorpa ObiBaeT ynoOHO HMCHOJIB30BaTh JIpyrue 0oJjiee KOMIAKTHBIE (POPMBI
3anucu. Harmpumep, mpy moMoIm 3Haka CyMMBI CHCTEMY MOXKHO 3aMucaTh TaK:

n
28X =by, i=1 m.
i1

Hapsany c¢ »sTuMm ucnonb3yeTcs MmampuyHas popma 3a0UCU  CUCTEMBI
ypaBHeHui. O0603HaunM depe3 A MaTpHIly, COCTABICHHYIO U3 KOA(DPUIIMEHTOB TIpH
HEU3BECTHBIX, uepe3 X BEKTOP-CTOJIOCIl U3 HEM3BECTHBIX, uepe3 B BekTop-cTonber
MPaBbIX YACTEH CUCTEMBI:

i  ap a, X b,

a a a X b
A — 21 22 2n ’ X — 2 ’ B — 2

aml am2 amn Xn bm

Torga cucreMy JMHEHHBIX alreOpanyecKuxX ypaBHEHU MOXHO 3amucaTh B
BHJIE:

AX =B.
Cucrema JIMHEWHBIX AIreOpanuecKuX YpPaBHEHUW HAa3bIBACTCS OOHOPOOHOIL,
ecin b = 0, i=1, m. B marpuunoii popMe OXHOPOIHAS CHCTEMA 3allMCHIBACTCS B
BUJIE!
AX=0.

Pewienuem cucteMbl JIMHEWHBIX YPABHEHHH HA3bIBAETCA COBOKYIHOCTH
3HAYEHUN HEU3BECTHBIX X1, X2, ..., Xn, KOTOpas, Oy yuu MOJACTaBICHHON B ypaBHEHUS
CHUCTEeMBI, o0pamaeT Bce MX B ToxaecTBa. CucTeMa JIMHEHHBIX anreOpanyecKux
YpaBHEHUI HA3bIBACTCS COBMECHIHOI, €CIIU OHA UMeeT XOTs Obl OJHO pelieHue. B
ITPOTUBHOM CITy4ae CUCTEMA HA3bIBAECTCSI HECO8MECHIHOM.
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CoBMecTHast cucTeMa HAa3bIBAa€TCS ONPEOeNeHHOU, €CIu OHAa HMEET
€AMHCTBEHHOE pelieHue. Ecnu ke cucremMa ypaBHEHHMH HMeeT 0ojiee OJHOro
pEelIEHUs, OHAa Ha3bIBacTCs Heonpedenennoii. OIHOPOAHAS CUCTEMA YpPaBHEHUU
BCerJa COBMECTHA, Tak Kak BekTop X = 0 sBisieTcss ee pelieHHeM IpHu JII0ObIX
Kor(hpUIIeHTaX MPU HEM3BECTHBIX B JIEBOW YaCTH YPAaBHEHU.

PaccMmoTtpum nipocreiiime npumepsl.

Cucrema ypaBHEHUI

2X, + X, =4,

3% — X, =1
SBJISIETCA COBMECTHOM, IMPUYEM OIPEJACICHHOMN, T. K. UMEET €IUHCTBEHHOE PEUICHHE
Xx1=1, Xxo=2.

Cucrema ypaBHEHHI
2%, + X, =4,
4x, +2X, =8
uMeeT 0eCUUCIEHHOE MHOKECTBO pEIlIeHU. J|efiCTBUTEIbHO, BTOPOE YPaBHEHUE 3TOU
CHCTEMBI IIOJIy4aeTCsl U3 NEPBOTO ypaBHEHMsS YMHOXEHHMEM OOeuX ero yacrei Ha
yucio 2. [ToaToMy cucreMa cocToUT (PaKTUYECKH U3 OJHOTO ypaBHEHMS 2x1 + X2 =4 C
IBYMsl HEU3BECTHBIMU. 3alMILIEM 3TO ypaBHEHHE B Buie x» = 4 — 2x1. Ilpunasas x;

MIPOU3BOJIBHOE 3HAYCHUE X1 = C, MoJydaeM X2 = 4 — 2¢. Takum obpazom, ipu JTr000M
3HAYCHHUH C X1 = C, X2 = 4 — 2¢ SBISETCS PEIICHUEM CHCTEMBI.

Cucrema ypaBHEHHI
2X, + X, =4,
2%, + X, =5
ABJIIETCSL HECOBMECTHOI, T. K. JIEBBIE YAaCTH YPaBHEHUI OJMHAKOBBIE, a IPABbIE YACTH

oTinyarotcsa. CiaenoBaTeIbHO, HUKAKAE 3HAYEHHUSI X1 U X2 HE MOTYT OJIHOBPEMEHHO
YIOBIIETBOPSITH 000OMM YPaBHEHHSIM.

6.2. ®opmyasl Kpamepa

PaccmoTpum cuctemy N IMHENHBIX YPABHEHUM C N HEU3BECTHBIMH:
81Xy + 83pXp ...+ 8y X, =Dy,
A1 X + AyoXy +.ot Ay X, =Dy,
(6.1)

A X +a,X +.+a, X, =b,.
Martpuna 4 cuctemMbl ypaBHEHUNH UMEET N CTPOK U N CTOJOIIOB, T. €. SABIACTCS
KBaJ[paTHOU MaTpuIe N-ro mopsaka. O003HauuM depes |A| onpeneuTesb MaTpPHIIbI

A, yepe3 B BeKTOp-CTOJIOEH MPaBbIX YaCTEl CUCTEMBI:
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&, 8y ... b,
8y, 8y ... 8y b,
‘ A‘ - . B=
a‘nl a‘n2 ann bn
YMHOKXUM JIEBYIO M IpPaByI0 4YacTh Ka)XKJIOro W3 ypaBHeHuU cuctembl (6.1)
MoCJeA0BaTeILHO Ha anreOpawmdeckue MomogHeHust Ajqi, Az, ..., Anl DJIEMEHTOB

MIEPBOTO CTOJIONA OmpeaeuTeNs |A| U CIIOKHM BCE ITOJIYUYCHHBIC JICBBIC M IPaBbIC
yacTu. B pe3ynbTare nojryuyum:

(au1A1 + @21A2 + ... + AntAn)Xe + (Q2A11 + @A + ..o F anpAn)Xo + ...+
+ (anAur + anAar + ... AnnAn)Xn = D1AL + D2A ..+ DhAGe (6.2)

Koaddumument, crosmuii mpu X;, paBeH |A| kak cymMma TpOU3BEACHUMN
AJIEMEHTOB MEPBOTO CTOJIONA ompeaenuTens |A| Ha ux anredpandeckue JOMOJTHEHUS.
KoaddunmeHTsr sxe mpu X2, X3, ..., Xn BCE PaBHBI HYJIO KaK CYMMBI MPOU3BEACHUIMA
DIIEMEHTOB BTOpPOTO, TpPEThEro, ..., [1-ro cromOmoB ompenenurens |A| Ha
anreOpavyeckue JIOMOJHEHUs DJIEMEHTOB IepBoro croidma (cBoWMcTBO 7
OTIPEICTIUTENSA).

Paccmotpum Beipaskenne (D1A11 + DAz + ... + byAn1), cTosmee B mpaBoit yacTu
paBeHcTBa (6.2) U cpaBHUM €ro ¢ KO3GGUIIUEHTOM TIPH  Xi.

O4eBuHO, UTO MpaBas 4YacTh OTIMYACTCS OT KOA(PPUIIMEHTA PHU X1 TOJIBKO TEM,
YTO BMECTO i1, 821, ..., @ni MOCTABIEHBI D1, D2, ..., by, TToaTOMY MOXXHO CKa3aTh, 4TO
mpaBasi 4acTh paBeHCTBa (6.2) sSBISETCS OMPENETUTENEM, KOTOPBIM MOIy4YaeTcsl U3
ompeaenuTess CUCTeMbl |A| 3aMeHOl ero mepBoro crobdiia Ha cronber; B mpaBbix
yacTeil cuctembl ypaBHeHui (6.1).

O0603HaYUM TOT ONPECTUTEh uepe3 Aq!

bl a12 ] aln
b, a, .. a
Alz 2 22 2n
bn an2 ann

Torna paBercTBo (6.2) 3anuimiercs B BUJE:

|A|-X1+O-X2+...+0'Xn:A1,T.e.
|A| - X1 = A1
AHanOTHYHBIM 00pa30M YMHOKAEM TETIEePh JIEBYIO U TIPABYIO YaCTh KaXKIOTO U3
ypaBHeHHI cucTteMbl (6.1) mocienoBaTeNbHO HA anreOpanveckue TOMOJTHEHHS
A1z, Az, ..., Anz DIIEMEHTOB BTOPOTO CTOJIOIA onpeaenuTens |A| u ckiaapiBaeM Bee
MOJTyYCHHBIC JIEBBIC U MpaBbie 4acT. B pe3yibpTaTe momydaem:
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0-x + |A| Xo+0-X3+ ... +0- X, =b1A10 + DA% + ... + DA, T.€.

|A| - Xo = Ay,
rne A, — OTIpeIeNTEeNb, KOTOPBIN MOTYyYaeTCs U3 ONPEIIEIIUTEINS CUCTEMBI |A| 3aMeHOi
€ro BTOPOro cTos0Ia Ha cToyoer; B mpaBbIX yacTell CHCTEMbI YpaBHCHHUM:

a, b ... a,

a e a
A2= 21 bl 2n

anl bn ann

[Tpomomxkaem 3TOT mpolecc, yMHOXKasl IOCIEI0BATEIbHO Ha ajlredpandeckue
JOTOJTHEHHUS JIEMEHTOB 3-T0, 4-T0, ... N -ro cTonbios onpenenurens |A|. O0beTuHs
MOJIyY€HHbIE PABEHCTBA, [TOJIy4aeM CUCTEMY YPABHEHUN:

‘A“ Xl :Al’
‘A"XZ :AZ’ (63)
Al X, =A,.
Ecmu |A| # 0, To u3 cucremsl (6.3) monydaem:
P R — (6.4)
1 =7 A1 2:_,..., =T . .
A A CIA

®opmynsl (6.4) HazeiBaloT popmynamu Kpamepa. llonyueHHBIH pe3yibTat
MOHO c(hOpMyIUPOBaTh B BUJE TEOPEMBI.

Teopema Kpamepa
Ecnu onpenenutens |A| cUCTeMbI N JTMHEHHBIX YPAaBHEHUH ¢ N HEM3BECTHBIMU

OTJIMYEH OT HYJIs, TO dTa CUCTEMa UMEET €JWHCTBEHHOE pEIICHHE. JTO PEIICHUE
MOKET OBbITh HalICHO TI0 (popMyIIam

A A, A,

==L X, =75, L, Xp =,
AT AT A

rae Ax — OmpeeluTeNb, MOoJdyJaroluics u3 ompeneiaurens |A| samenoin ero K-ro
CTOJIOIA Ha CTOJOCII MPABBIX YaCTEH CUCTEMBI.

Mpumep.

Pemmts cucreMy ypaBHEHHM

X, — 2%y — 2X3 =1,

Xy

2%, + 2%, + X3 =—1.
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Pewenue.

Brraucisiem onpeaenuTens CUCTEMBI ‘A‘:

3 1 -1
A=l1 -2 -2|=-6-4-2-4-1+12=-5.
2 2 1

Onpenenurens |A| # 0, modToMy cHcTeMa ypaBHCHHH MMEET €IMHCTBEHHOC
pemenne. Haxomum pemenue cucrempl 1o (opmynam Kpamepa. [lms 3toro
BbIUHCIIsIEM A1, Ay, A3

2 1 -1 3 2 -1

A=l 1 -2 -2 |=5 A,=|1 1 -2 |=-10;

-1 2 1 2 -1 1

3 1 2
A;=|1 =2 1 [=15.

2 2 -1

CrneoBaTesbHO.

X, A5 g B 7105 Ay 15 _ 3

:w = XZ:W:_—5_

Nrak, noiy4eHo peeHre CuCTeEMbl YPaBHEHHN

3:W—_5

Xy =-1; Xo=2; X3=-3.

6.3. Pemienune cucreM ypaBHEeHUI P MOMOIIU 00paTHOM
MaTpPHIIbI
PaccmoTtpum cucteMy N JIMHEWHBIX YPAaBHEHUM C N HEWU3BECTHBIMU

n
za”XJ - bi’ | :l, n.
j=1
3anuiieM 3Ty CUCTEMY B MaTpuuHoi opme:
AX = B,

rae A — mMarpuua, coctaBiieHHas U3 K03 (UIIMEHTOB MPHU HEU3BECTHBIX, X — BEKTOP-
cToyI0eI] U3 HEU3BECTHBIX, B — BEKTOP-CTONMOCI PABhIX YaCTEH CUCTEMBI.
[Mpennonoxum, uyto onpeaenutens |A| # 0, T. e. Marpuia cucteMsl A SBISCTCS
HEBBIpOKAeHHON. Torma ams maTpuubl A CymiecTByeT oOpaTHas Mmarpuia AL
VmuoxkuM 00¢ uyactn paseHctBa AX = B cmesa ma Al AIAX = A1B. Tlo
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onpeneneHuro oopaTnoii matpunsl A4 = E, rae E — eIMHUYHAS MaTpHLA IOPAAKa N.
CnenoBarensHo, norydaeM EX=A'B =
X=A1B.

Taxum oOpa3om, YTOOBI PEUINTH CUCTEMY YpPaBHEHHUI MpPU MOMOIIM 0OpaTHOU

MaTpPHIIbI, HEOOXOMMMO HalWTH 06paTHyIo Marpumy Al 1 yMHOKUTH ee Ha cTonben B
IIPABBbIX YaCTEN CUCTEMBI.

Ipumep.
Pemmnts cucreMy ypaBHEHHM
2X; +3X, —2X5 =0,
Pewenue.
JIns paccMaTpuBaeMOM CUCTEMBI YPABHEHHM

1 2 3 X, -3
A=[2 3 -2| X=|x,|, B=|0
1 -1 -5 X -1
1 2 3
A=2 3 -2|=-16.
1 -1 -5

Tax xax onpenenurens |A| # 0, cymectByer o6parHas matpuia A L. Beraucisem
anreOpandecKue TOMOJTHCHHS SJIEMEHTOB MaTpHIlbl A!

A =-17, Ay =17, Az =13,
A =8, Az = -8, Az =8,
Az =5, Az =3, Az =-1.
. =17 7 -13
Torna A'=——| 8 -8 8.
16
-5 3 -1

Haxongum pemenune cucTemsr:
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-17 7 -13) (-3 64\ (-4
X=A'.B=—2| 8 -8 8 || 0|=—2|-32|=| 2

16 16
-5 3 -1)(-1 16 -1

CnenoBaTtellbHO, X1 =—4, Xo =2, X3 =-1.

Bomnpocs! Aj151 CaMOKOHTPOJISE
1. Kakue ¢popmbl 3anucu TUHEHHBIX CUCTEM ypaBHeHUM Bam n3BecTHBI?

2. UYrto Ha3bIBaeTCs PEIICHUEM CHUCTEMbl YpaBHEHUH?

3. Kakue cuctembl ypaBHEeHUI HA3bIBAIOTCSA COBMECTHBIMHU, HECOBMECTHBIMU?
[IpuBenuTe NpUMEpHI.

4. B KkakoM ciy4ae COBMECTHYIO CHUCTEMY YpAaBHEHUH  Ha3bIBaIOT
ONpeIeNICHHOW, HeotpeaeneHHoi? [IpuBenure npuMepsl.

5. Kakue cucrempl ypaBHEHUN HA3bIBAIOTCA OJHOPOAHBIMH? Moxer I
OJIHOpPOJIHAsA cUcTeMa ObITh HECOBMECTHOM U oYemy?

6. Kakue cuctemsl ypaBHEHU MOKHO PeInTh 1Mo hopmyiaam Kpamepa?

7. Cdopmymnupyiite Teopemy Kpamepa.

8. UTo MOXHO cKa3aThb O CUCTEME YPAaBHEHMM, €CJIH OINPEAEIUTENb CUCTEMBI
pPaBeH HYJO?

9. Kakue cuctemMbl YpaBHEHMI MOXXHO PEIIUTh C TIOMOIIBIO 0OpaTHOM

Matpusl? 1o kakoil popmyiie B 3TOM cilydae HILETC perieHue?
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I'naBa 7. MeToa MOJTHOI0 UCKJIKOYEHUA U €r0 NMPUJI0KEHUS

7.1. Uness MeTOAA MOJHOI0 UCKIIOYCHUSA

Bbynem paccmaTpuBaTh MPOW3BOIBHBIC CHCTEMBI M JIMHEWHBIX YPaBHEHHH C N
Hen3BeCTHBIMH. OIHMMH W3 CaMbIX PACHPOCTPAHEHHBIX METOAOB DEIICHHUS TaKHUX
CHCTEM SIBJISIIOTCS METOJbI MCKITtoueHus (Metoanl ['aycca). Bce oHm ocHOBaHBI Ha
BO3MOXKHOCTH COXpaHEHHUS HEKOTOPOW HEW3BECTHOH B OJIHOM W3 ypaBHEHUH U
UCKJIIOUCHHUH €€ U3 JPYTUX YPABHEHHM, UCIOJIB3YsI AJIEMEHTAapHbIC (SKBUBAJICHTHBIC)
peoOpa3oBaHusl CUCTEMBI YPaBHEHHIA.

InemenmapHviMu npeoodPA308AHUAMU CUCTEMBI HA3BIBAIOTCS CIIEAYIONINE
npeoOpazoBaHus:

1) yMHOKeHHE (IenacHHe) o0eruX dYacTel OJHOTO M3 yYpaBHEHHMH Ha JH000e€,
OTIMYHOE OT HYJISI, YUCIIO;

2) npubaBjcHHE K OJHOMY YPaBHCHHIO CHCTEMbI JpPYroro ypaBHCHHS,
YMHO>KEHHOT'0 Ha JIF000€ YHCIIO.

DneMeHTapHbIe TpeoOpa3oBaHUS  TEPEBOIAT CUCTEMY YpaBHEHHUUW B
SKBUBAJIEHTHYIO (PaBHOCUJIBHYIO) €il.

JIBe CUCTEMBI HA3BIBAIOTCS IK8UBAIEHMHBIMU, ECITH OHU UMEIOT OJTHO U TO JKe
MHOKECTBO pelieHuil. Bce HEeCOBMECTHBIE CHCTEMBI CUMTAIOTCS YKBUBAJICHTHBIMH.

3aMeTHM TaKkKe, 4YTO €CJIM B CUCTEME YPaBHEHUN €CTh XOTs Obl OJJHO YPABHEHHE
BHJIA

0-x1+0-x2+...+0-x,=2a (a=0), (7.1)

TO TaKasl CUCTEMa HECOBMECTHA.
Ecnu ke B cucreme ypaBHEHNH €CTh YPAaBHEHUS BUA

0-x1+0-x2+...+0- X =0, (7.2)

TO BCE TaKW€ YypaBHEHUS MOXHO OTOpocuTh. [lomydeHHas mocie 3TOro cucrema
(comeprkaiias y>xe MEHbIIIE ypaBHEHU) OyIeT 9KBUBAJICHTHA UCXOIHOM.

[lepeiinem K omucaHUIO Memoda noaH020 uckawdenusa (meton JKopnana-
l'aycca). MeTon COCTOUT M3 KOHEYHOTO YKCJA OJIHOTUIIHBIX IIAroB, KaXKIbId W3
KOTOPBIX 3aKJIF0YAETCS B CIEAYIOIIEM:

1. BwiOupaeTcsi HEKOTOpPOE YpaBHEHHE, KOTOPOE HA3BIBACTCS 6EOYU4UM
YpaéHenuem, W HEKOTOpas HEHU3BECTHAas, KOTOpas Ha3bIBACTCs  gedyuieil
Heuzeecmnou. BenymyM ypaBHEHHEM MOXET ObITh JH000€ ypaBHEHUE CHUCTEMBI,
KOTOpO€ He ObLIO BEAYIIUM Ha MPEAbIAYyNIUX I1arax. Bemymieit Hen3BeCTHOW MOXKET
OBITH JTF00ast HEM3BECTHAS, KOTOPAsi BXOJUT B BEylllee ypaBHEHHUE ¢ KOA(PhUIIMEHTOM,
OTJIMYHBIM OT HyJIsl. KoadpuumenT npu Beayiieil Hen3BECTHOM HA3BIBACTCS 8eOyU{UM
KoIpuyuenmonm.

2. Benyuiee ypaBHeHHE eIUTCS HA BeAyIUH KOADDUIIMEHT.

3. M3 Bcex OCTaJIbHBIX YpPaBHEHUN CHUCTEMBI C TIOMOIIBIO DJIEMEHTAPHBIX
npeoOpa3oBaHUl HCKIIOYAETCS BeAyIlas HeW3BecTHas. [[ns 3Toro k Kaxaomy
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YpaBHEHUIO CHCTEMbl TPHUOABISICTCS BEAyIlee YypaBHEHUE, YMHOXXEHHOE Ha
COOTBETCTBYIOIIUM 00pa3oM TNoJ00paHHOE 4uclio. Eciu mpu 3TOM HEKOTOpOe
ypaBHEHHE CUCTEMBI IpeoOpasyercs B ypaBHeHHe Bua (7.2), To OHO 0TOpachiBaeTCs
(Hanumuue ypaBHEeHHH BUAa (7.2) CBUIETEIBCTBYET O TOM, YTO COOTBETCTBYIOIIHNE UM
yYpaBHEHUS MCXOJHOM CHUCTEMBbl SBJISIOTCS JIMHEHHBIMH KOMOMHAIMSIMU — TeX
ypaBHEHUI CUCTEMBI, KOTOPBIE YK€ ObUTH BeAyluMu ). Eciu ke HeKkoTopoe ypaBHEHHE
CHUCTEeMBI IpeoOpa3yeTcs B ypaBHeHue Buaa (7.1), To cucTeMa HECOBMECTHA H
BBIYHCIICHHS HA 9TOM TIPEKPAIaroTCsl.

B ciuywae, xorma ypaBHeHus Buga (7.1) He NOSBWINCH, NEPEXOIAT K
CIIeyIOIlleMy Imary, T. €. CHOBa BBIOMpAIOT BeAylllee YpaBHEHHUE, BEAYIIYIO
HEU3BECTHYIO U T. A. B cilydyae COBMECTHOW CHCTEMBI MPe0Opa30BaHUs MPOAOIKAIOT
70 TeX IOp, MOKa HE IMOJy4YaT CHUCTEMYy, B KOTOpPOW BCE YypaBHEHHUS YXe ObUIH
BexymmMHu. [1o 3Toi mocmeaHelt cucTeMe 3aluChIBAIOT PEIICHUE UCXOTHOW CUCTEMBI
YPaBHEHHUM.

IHpumep.
Pemuts MCTOAOM ITOJIHOT'O UCKIIIOUCHUS CUCTEMY
X+ Xy, =2X3— X+ X5 = 2,
2Xy — X3+ X,— Xg = 1,
2% — Xy, + Xg— X, +2X =-1,

Pewenue. lllar 1. Ha nepoM 1mare Bo3bMeM NIEPBOE YPAaBHEHUE U IEPEMEHHYIO
X1 B KauecTBe BeaylIUX. Takol BBHIOOp CBS3aH C TEM, YTO B ATOM ClIy4ae BEAYyLIUM
ko3 uimenToM OyneT eAuHMIIA U, CIeI0OBATEIbHO, ACIUTh BEAYIllee YpaBHEHUE HA
BeyIIMi KoappuuueHT HeT HeooxoaumocTH. Kpome Toro, Bo BTOpOM M YETBEPTOM
YpAaBHEHUSX HEM3BECTHOM X1  HET M, CJEAOBaTelIbHO, 3TH YpPaBHEHHS B
npeoOpa3oBaHUAX HE HyxjaatoTcs. Takum oOpa3oMm, mepBoe, BTOPOE M YETBEPTOE
YPaBHEHUS IIPOCTO MepenucbiBaeM. M3 TpeTbero ypaBHEHUS HCKIIFOYAEM HEU3BECTHYIO
X1. g aTOro ymHo)kaeM Bexdylee (1mepBoe) ypaBHeHUE Ha (—2) u mpubaBisieM K
TpeTbeMy ypaBHeHUIO. [lomyyaem:
(

— Xy +4Xg +2X, — X5 = —4.

Ilar 2. Ha BTopoM 1are BEIOEpEM B Ka4eCTBE BEAYIIMX YETBEPTOC YPAaBHCHUE
Y HEU3BECTHYIO Xs. {71 UCKIIFOUEHUS BEAYIIEH HEU3BECTHOU U3 MEPBOr0 YpPaBHEHMUS
npuoOaBisieM K HEMY BeAylIee YpaBHEHHE. 3aTeM, YMHOXKHUB Beaylllee ypaBHEHUE Ha
(—1) 1 mprOaBHB €ro KO BTOPOMY YPaBHEHHIO, HCKII0YaeM HEM3BECTHYIO X5 M3 BTOPOI'O
ypaBHeHUs. [IpeoOpa3oBeIBaTh TPEThEe YpaBHEHHE HET HEOOXOAUMOCTH, TaK KaK OHO
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HE COJICPKUT BEIYIYIO0 HEU3BECTHYIO. U, HaKOHel, Beayliee (UeTBEPTOE) YpaBHEHHE
JIeJIMM Ha BeAyIINH 3JIeMeHT, T. €. Ha (—1). [lonyuaem:

X, +2X3 + X, =-2,
3X, -5%3— X, = 5
—3X, +5X; + X, =-5,

Xo —4Xg —2X, + X5 = 4.

Ilar 3. Ha TperbeM miare BbIOEpEM TPETbE YpaBHEHHE U HEU3BECTHYIO X4 B
KauyecTBE BEAyIIUX. YMHOXHUM TpeThe ypaBHeHHUE Ha (—1) u mpubaBuUM K IEpBOMY,
3aTeM TpEThe€ YypaBHEHHE NpHOaBMM KO BTOpoMmy. Benmymiee (Tperhe) ypaBHEHHE
nepenuiieM 0e3 W3MEHEHWH, T.K. BeAyllud Ko3(p(UUHUEHT paBeH enuuuue. U,
HaKOHELl, YMHOXKMB BeAyllee YpaBHEHHE Ha 2, MpUOaBUM €ro K YETBEPTOMY
ypaBHeHu1o. [Tomyunm:

X, +3X, —3X; = 3
0= 0,

—3X, +5X; + X, = -5,
—5X, +6X,4 + Xs = 0.

N3 31Ol cucteMbl BUIHO, YTO BTOPOE YPABHEHUE SBISACTCSA JIMHEHHOU
KOMOMHAIIMEH OCTaJbHBIX U IOATOMY MOXET OBITh oTOpomieHo. Ilpeobpa3oBanus
CHUCTEMBI 3aBEPIICHBI, TaK KaK KaXXJI0€ M3 TPEX OCTABIIMXCS YpaBHCHHUH yxe OBLIO
BelyIIMM. B mosydeHHOM crcTemMe ypaBHEHUI MEHblIIe, yeM Hen3BecTHbIX. Kak Oyzer
MOKAa3aHO HUKE, TAKWE CHCTEMbl UMEIOT OECKOHEYHOE€ MHOXKECTBO pEIIEHUM, T. €.
SABJISIFOTCSL HEONMpEAECNCHHBIMU. BBeneM psii OnpenesieHud, HCIOJIb3yEMbIX MpPH
PEILICHUU CUCTEM YPABHEHUM TAKOTO BHUA.

HewusBecTHbie, KOTOpbIC BBIOMPATUCh BEAYIIMMU, HA3bIBAIOTCA OA3UCHBIMU
Heu368eCMHBIMU, A OCTAIILHBIC — CB000OHbBIMU.

B namem npumepe Oa3MCHBIMH SIBJISIFOTCS HEU3BECTHBIC Xi, X4 H  Xs, a
CBOOOIHBIMHU — X2 U X3.

Oouwum peuwienuem CUCTEMbl YpaBHEHUW HA3bIBAE€TCSl pPEIICHHE, B KOTOPOM
0a3MCHBIC HEM3BECTHBIC BBIPAKECHBI Uepe3 CBOOOTHEIE.

W3 mocnenneit cucteMbl BEIpa3uM 0a3MCHBIC HEM3BECTHBIC Yepe3 CBOOOTHEIE:

X, =3 —3X, + 3X3,
X, =—5+ 3X, —5X3,
Xs =—6+5X, — 6X;

Y 3aMuiieM o0111ee pereHne CUCTEMbl YPaBHCHUIA:
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3—3x, +3X,
X2
Xoﬁm = X3

-5+ 3%, —5X%,

— 645X, —6X,

Eciu B o0mem pemieHuu npuaatb CBOOOJAHBIM HEM3BECTHBIM KaKHE-THOO
3HAYEHHUs, TO MOJIYYECHHOE PELICHUE HA3bIBACTCS YACHIHbIM PEUICHUEM.
[Tyctb, Hanpumep, X2 = X3 = 1. Toraa 4acTHBIM pelIeHUEM CUCTEMBI OyeT

ancm = (3; 11 1; _71 _7)

O4eBUIHO, YTO 3HAYECHHs JJIsI CBOOOJHBIX HEM3BECTHBIX MOXKHO BBIOpATh
OECKOHEYHBIM YHCJIOM CIIOCOOOB, MO3TOMY IMOJY4YEHHAass CHUCTEMa YypaBHEHUU
(a, cinemoBaTrenpbHO, W 3KBUBAJIEHTHAas €M MCXOAHAas CHCTEMA YpaBHEHWiIl) HMeEET
OECKOHEYHOE MHOYKECTBO PEUICHUM.

Ecnu Bce cBOOOHBIE HEM3BECTHBIE PABHBI HYIIIO, TO TAKOE YACTHOE PEIICHHE
Ha3bIBACTCS OA3UCHBIM pPeuleHUEeM.

B paccMmarpuBaemMoM mmpumepe

Xoas = (3,0, 0, -5, -6).

CnenaeM MpoBEpKy NPaBUILHOCTH HAWJIECHHOTO PEIICHUS CUCTEMBI YPABHEHUM.
B cinydae HeonpeaeneHHOW CUCTEMBI Takas MPOBEPKA Jenaetcss ynpoieHHo. C 3Toi
1[eJIbI0 OepeTcsl Kakoe-HUOYIb YaCTHOE PEIICHHE U TIOJICTABIISIETCS BO BCE YPAaBHEHMUS
HCXOJHOU cucTeMbl. bazncHoe penieHre 1uisi IpOBEPKU HE UCIIOJIb3YETCS, TAK KaK OHO
COJICP’KUT HYJM U B CBSI3U C 3TUM JOCTOBEPHOCTh TAKOW MPOBEPKU CYIIECTBEHHO
YMEHBIIIAETCS.

CpenaeMm mnpoBepKy B HalleM IMpPUMEpPE C IOMOUIbIO HAWAEHHOTO BBIIIE
KXuaem = (3, 1, 1, =7, 7). TloacTaBmsisi 3TO pellicHUE B ypaBHEHUS UCXOTHOU CHCTEMBI,
yOex1aeMcsi, 4TO BCe OHU 00paIaloTcs B TOXKIECTBA!

3+1-2-1-(-7)+(-7) =2,

2-1-1+(-7)—-(-7) =1,
2-3-1+1-(-7)+2-(-7)=-1,
-1+4.1+2-(-7)-(-7) =-4.

7.2. TaOIMYHBIA BAPUAHT METO/IA MOJHOT0 NCKJIKYEHH S

OOparum BHHMMaHue Ha TOT (paKT, UYTO BCE MPeoOpa3oBaHUs, KOTOPHIM
MOJIBEPTaJIOCh JII000€ YPAaBHEHHWE CHUCTEMBI NPU PEIICHHUH €€ METOAOM IMOJIHOTO
UCKJTFOUCHUS, TPOBOJIATCS TOJBKO HaJ KO3(PPHUIMEHTAMH 3TOTO YPaBHEHHUS U €TO
NPaBOil YacThlO, & HEU3BECTHBIC TOJBKO MPHUIHMCHIBAIOTCS. DTO TMO3BOJSET BMECTO
CHCTEMbI YPaBHECHHUH UCIIOIh30BATh MATPHILY CUCTEMBI A U CTOJIOCI MPaBbIX YacTeit B,

67



Y TIPOBOJIUTH BCE HEOOXOIMMBIE MPEeoOpa3oBaHMs HE C YPaBHEHUSIMUA CUCTEMBI, & CO
CTpOKamMH 3TUX MaTpull. Bce BbluucieHus yaqoOHO oQopMIsiTh B BUIE TaOJHUIIBI.
PaccmoTpuMm, Kak 3TO MPOUCXOAUT, HA MpPUMEpPE, PEHICHHOM B MPEeAbIIyIIeM

naparpade.

IMpumep 1.

Pemuts cucremy ypaBHEeHUI

2Xy — Xg+ X, — Xg =1,
2%, — X, + Xg— X4 +2X% =-1,

— X, +4X3 +2X, — X =—4.

Pewenue.

CocTraBuM HayaJabHYIO TabJIUIy, 3a1IMCaB KOA(PPUIUEHTHI P HEUZBECTHBIX /10
YEPTBHL, a ITOCJIE HEE — IIPABBIC YACTH YPABHEHUMN CUCTEMBI. 7151 KOHTPOJIS BEIYUCICHUI
100aBMM €Ile OJUH CTOJIOEI ., DJIEMEHTAMH KOTOPOT'O SIBJISIOTCS CYMMBI DJIEMEHTOB
COOTBETCTBYIOIICH CTPOKH, BKJIFOUYAsi COOTBETCTBYIOIINM AJIeMEHT cToJiona B. Takum
o0pa3om, ucxo iHas TabJInIla UMEET BUI:

A B 2

(1) 1 -2 1 1 2 2
0 2 1 1 1 1 2
2 1 1 1 2 1 2
0 1 4 2 1 -4 0

OOpatuM BHHMAaHHUE, YTO €CIM KAaKyH-JTHOO CTPOKY HMCXOJHOW TaOIHIIbI
(BKJTFOYAst COOTBETCTBYIOIIKE SJIEMEHTHI CTOJIOIOB B U X)) pa3ae/IuTh WIH YMHOXKHUTD
Ha HEKOTOPOE YHUCJIO, TO y MPeoOpa3oBaHHON CTPOKHU CyMMa 3JIEMEHTOB (BKJIOUas
COOTBETCTBYIOIIMIA JJIEMEHT CToJiOIa B) Oyaer paBHAa COOTBETCTBYIOIIEMY
peoOpa30BaHHOMY 3JIEMEHTY CTOJI0IA .. AHAJIOTHYHAS CHTYallisl BOSHUKAET U B TOM
cilly4yae, KOrja K Kakoh-muOo CTpoke TaOiulbl MpUOABUTH JPYIYIHO0 CTPOKY,
YMHO)KEHHYIO Ha MPOM3BOJILHOE YHCJIO, T. €. M B 3TOM CIIy4ae CymMMa JJIEMEHTOB
npeoOpa3oBaHHOW CTpPOKM (BKJIOYAas 2JIEMEHT cTojiona B) Oyaer paBHa
COOTBETCTBYIOIIIEMY IPEOOPa30BaHHOMY JJIEMEHTY CTOJOIa 2. DTO MO3BOJHUT B
JaTbHEHIIIEM HCIOJIb30BaTh KOHTPOJBHBIA CTOJ0EI] X, B KadecTBe 3((HEKTHBHOTO
CpEIICTBa TEKYIIEro KOHTPOJIS MPAaBUIILHOCTH BBIUUCICHUH.

OnuiieM moApoOHO KaXKAbIN IIar MeTojAa MOJHOTO UCKIIoUeHus. Bmecto cioB
«BeIyIlee ypaBHEHHE» OyJeM MCIOJIb30BaTh CJIOBA «BEIYIas CTPOKA», BMECTO CJIOB
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«BEAyIasi HEM3BECTHAS» W «BEAYINUH KOIPPUIMEHT» — «BEAYIMUNA CTOJOCI» H
«BENYIIUN AIEMEHT» COOTBETCTBEHHO.

Ilar 1. Ha nepBoM miare BeAyIMMH BbIOpAHBL: IIEpBasi CTPOKA, NEPBBIN CTOJIOEL]
U 3JIEMEHT 1, cTOsAMI Ha UX nepeceueHuu. J[Is HarIsIIHOCTH BEyIUH AJIEMEHT B
Tabynue o0BeJeH KpyKKOM. Tak Kak BEAYIIMH 3JIEMEHT PaBEH €IUHUIIE, TO JIEIHUThH
BEAYLIYIO CTPOKY Ha BEAYILIMM 3JIEMEHT HET HEOOXOAMMOCTH; NEPENUCHIBAEM ITY
CTPOKY B HOBYIO TaOJuIly. BTOpyto M 4eTBEPTYIO CTPOKU TaKXe IepenuchiBacM 0e3
U3MEHEHUH, T. K. OHH YK€ COJIepXkaT HyJIH B BeaylieMm croiodue. B nmpeoOpa3zoBanuu
HYKJIa€TCAd TOJIBKO TpPEThsl CTPOKA, cojepkamas 2 B Beayuiem croioue. s
«3aHYJICHHUSD» 3TOM JIBOMKM Beayllyl0 (IIEpBYIO) CTPOKY yMHOXaeM Ha (—2)
npubaBisieM K TPETbel CTPOKE; IMOIYYCHHYIO CTPOKY 3amuchiBaeM B Talnuily. B
pe3yJIbTaTe MOJIYYaeM CIAECAYIOLIYIO TAOIHILY:

1 1 2 1 1 2 2
0 2 1 1 1 1 2
0 3 5 1 0 5 2
0 1 4 2 (D) | -« 0
3ajaua MEpBOro miara — <«3aHyleHHe» BeAyIIEro (IEpBOro) Croyida —

BbINOJIHEHA. [IpoBepseM IPAaBWIBHOCTh BBIYHUCIEHHH C ITIOMOIIBIO KOHTPOJIBHOTO
croioma. [[s 3Toro HaxoauM CyMMBI AJIEMEHTOB KaXXJ0M CTPOKH, PACIIOIO0KEHHBIX 10
JIBOMTHOM YEPTHI:

1+1-2-1+1+2=2,
0+2-1+1-1+1=2,
0-3+5+1+0-5=-2,
0-1+4+2-1-4=0.

Tak kak Bce CyMMBlI COBHAJAKOT C COOTBETCTBYIOIIMMH DJIEMEHTAMHU
KOHTPOJIBHOTO CTOJIOLA (3JIEMEHTAaMH, CTOSIIIUMU TOCIE ABOMHONM YEPThI), TO MOMKHO
MepexXoauTh KO BTOpoMy miary. Eciin Obl B HEKOTOPOH CTPOKE BBIYHMCIIEHHASI CyMMa He
COBIAJIa C 3JEMEHTaMU KOHTPOJIBHOTO CTOJOLA, TO 3TO O3Hayajao Obl, YTO MpHU
BBIUHUCIICHUH JJIEMEHTOB JTOW CTPOKM Obla JOMyIleHa OmuOKa, KOTOPYIO
HEO0OXO0JMMO HAalTH U UCIIPABUTD, MPEK/E YEM MEPEXOIUTH K CIEIYIOIIEMY Iary.

Ilar 2. Ha BTOpoM m1are B KauecTBE BEAYIIMX BBIOpaHBI YeTBEpTask CTPOKA,
MATBIN cTONOEI U 3J1IeMeHT (—1), KOTOpbIi 00BENEH KPYKKOM. «3aHYJISIEM) SJIEMEHTHI
Beymiero croyubma. st 3Toro K mepBoil cTpoke mpubaBisgeM BeIyLIyl0 CTPOKY, a
3aTeM KO BTOpPOW CTpPOKE MpHOaBisieM BEIYIIYIO CTPOKY, YMHOXeHHYH Ha (—1).
TpeTbio cTpoOKy, colepsKallyio HOJb B BEAYIIEM CTOJIOIE, MPOCTO MEPEIHUCHIBACM.

69



Benyiiyto cTpoky aeiauM Ha Beaylui 3J€MeEHT, T. €. Ha (—1). [lonydaem ciegyronryro
Ta0IuUILy:

1 0 2 1 0 2 2
0 3 5 -1 0 5 2
0 -3 5 @ 0 5 2
0 1 4 -2 1 4 0

[IpoBepsieM NpaBUIBLHOCTD BHIYUCIICHUIA:
1+0+2+1+0-2=2,
0+3-5-1+0+5=2,
0-3+5+1+0-5=-2,
0+1-4-2+1+4=0.

Bce cyMMBI COBIAAIOT € 3JIEMEHTAMH KOHTPOJIBHOTO CTOJIOLA, [IOATOMY MOKHO
IIEPEXOIUTh K TPEThEMY LIATY.

Ilar 3. Ha TperbeMm mare B KayecTBE BEAYLIUX BBIOpaHBI TPEThsl CTPOKA,
YeTBEPTHIA cTOJOCI, 37eMeHT 1. «3aHynsieM» d3JeMEHThl Bemymiero croioma. s
ATOr0 BEIYIYI0 CTPOKY YMHOXkaeM Ha (—1) u mpubaiseM K mepBOil CTpOKe, 3aTeM
BEIIYIIYIO CTPOKY MpuOaBiisieM KO BTOPOM CTPOKE U, HAKOHEI], YMHOXKHB BEIYIIYIO
CTpOKY Ha 2, mpubaBisieM €€ K YeTBEepTOM CTpoke. Beaymryio TpeTbio CTpOKy
nepenuceiBacM 0e3 M3MEHEeHWH (Tak Kak Beaymuil snemeHT paBeH 1). Ilomyuaem
Ta0IuILy:

1 3 -3 0 0 3 4
-------- %--------0------0--------0------0-1---0--1--0------
0 -3 S) 1 0 -5 —2
0 ) 6 0 1 —6 —4

BTopyro CTpoOKy, COCTOSIIYXO W3 OJHHMX HYJICH, BBIUEPKHBACM, T. K. OHa
COOTBETCTBYET ypaBHEHUIO (7.2). OTMETHM, YTO BBIYCPKHYTH BTOPYIO CTPOKY MOKHO
OBLIIO e111e B MPpeAbIAYIeH Ta0IuIle, T. K. OHA ObLTa MPOMOPIIMOHATBHA TPETHEH CTPOKE,
YTO 03HAYAET IKBUBAJICHTHOCTh COOTBETCTBYIOIIUX YPABHCHHM.

[IpoBepsiem:

1+3-3+0+0+3=4,
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0-3+5+1+0-5=-2,
0-5+6+0+1—6=-4.

Bce CYMMBI COBIIAAaOT C JJICMCHTAMH KOHTPOJIBHOI'O CTOJI6Ha. Tak kak Bce
CTPOKH YIKC ObLIH BCAymInUMHU, TO HpeO6p3,30BaHI/IH Ta6JII/IHI)I Ha 3TOM 3aKaH4YHNBAIOTCA.
B HOCJICI[HGI\/JI Ta6J'II/IH€ O6BOI[I/IM KPY>XKaMHU BCC TC CINMHUILIBI, KOTOPBIC COOTBCTCTBYIOT
BCOYIIHNM 3JICMCHTAM BCCX HIATI'OB:

(v 3 3 0 0 3 4
0 3 5 @ 0 5 P
0 5 6 0 (1) | = 4

BazucHbie HEM3BECTHBIE — X1, X4, X5 — OTBEYAIOT CTOJIOIIaM, KOTOPbIE€ BEIOMPATIUCH
B KauyeCTBE BEIylIIUX, T. €. CTOJNOIAaM ¢ oOBeAeHHbIMU eauHunamu. [lo mocneanei
TaOJUIIE BHIMKUCHIBACTCS CHaUalla COOTBETCTBYIOIIAs €l cucTeMa ypaBHEHUM:

X+ 3X, —3Xg =3,
—3X, +9Xg + X, = -9,
— 95X, +6X; + Xg =—6,

a 3aTeM TakK, Kak 3To ObUIO C/eNlaHO B IpeabaylieM mnaparpade, obiee perieHue
CUCTEMBL.
OTMeTHM, YTO MPHU PEIICHUH CHCTEM TaOJIMYHBIM BapHaHTOM METOJa MOJTHOTO
HCKJTIOYEHUS TaOJUIIbl yI00HO 3aMUChIBATh MOCIEA0BATEILHO APYT MO IPYTOM.
[TonBenem UTOT U3JI0AKEHHOMY BHIIIIE.

Jlyif pelieHUus CHUCTEMbl JIMHEHHBIX YPABHEHUH TAaOJMYHBIM BapUAHTOM
MeTO0/1a MOJHOI0 HCKJII0YEeHUsI He00X0MMO:

1. 3anonHUTH UCXOAHYIO TaOiMIly, 3amucaB B Hee KOADOUIMEHTHl TpH
HEW3BECTHBIX M TpaBble 4YacTU ypaBHeHUW cucreMbl. [lomcuurtate cronben
KOHTPOJIBHBIX CYMM.

2. Tlponenath ceputo OAHOTUITHBIX I1arOB, HA KAXKJIOM U3 KOTOPBIX:

a) BBIOMpAETCS HEKOTOPHIA OTIMYHBIM OT HYJSI DJIEMEHT TaOIHIlbI, KOTOPHIH
Ha3bIBaeTCs gedyuium nemenmom. CTpoka U ctonlell, Ha MEPECEeUeHUU KOTOPbIX
PACIIONIOKEH BEAYIIUW JJIEMEHT, HA3bIBACTCA 6GeOyuieil CMPOKOU W 6e0yuiuMm
cmoaoyom. BeaymyMm 31eMEHTOM MOXKET OBITh JIFOOOW HEHYJIEBOM 3JIEMEHT (CTOSIIMMA
710 TIEPBOM YePTHI) JIFOOOM CTPOKH, KOTOpas elle He Oblia BeIyIIeH;

0) BeyIIasi CTpOKa ACJIUTCS Ha BEIYIIHIA SJIEMEHT, B pe3yJIbTaTe Yero Ha MecTe
BEIYLIErO 3JIEMEHTA MOSBISACTCS €ANHULA;

B) BCE OCTAJIbHBIE 3JIEMEHTHI BEYILEr0 CTOJI0a 00palatoTcs B HOJb. J{J1s 3TOoro
K K@KIOM CTpOKe TaOMMIbl TpuOaBIsieTCs BeAymias CTPOKa, YMHOXKEHHas Ha
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COOTBETCTBYIOIIUM 00pa3zoM mojoOpanHoe uyucio. [Ipu 3ToM mocie Kaxaoil BHOBb
BBIYKMCIICHHON CTPOKH OCYIIECTBIISIETCS KOHTPOJIb MNPABWIBHOCTU BBIYMCICHHHN C
MIOMOIIBIO KOHTPOJIBHOTO CTOJIONA;

I') BO3HUKAIOIINUE B MPOIECCE BHIUUCICHUS CTPOKH BUAA

000 ..0[O0] O

BBIUCPKUBAIOTCS,
1) CTPOKH BHJIa

000 ...0 1| al a rae a#0

03HA4Yal0T HECOBMECTHOCTh CUCTEMBI U BBIYMCIIEHHS HAa 3TOM MPEKPAIIAIOTCS.

3. 3aKOHYHUTH TPOIIECC 3AMOJHEHUS TAOIUIBI, €CIU YK€ HET TaKUX CTPOK,
KOTOphie He ObLiu Obl paHee Benymumu. [lo pe3ynbraTaM mociieHEW TaOIHIlbI
3anucaTh PelICHUE CUCTEMBI.

PaCCMOTpI/IM CIIC HCCKOJIBKO IIpUMCPOB PCHICHHUA CHCTCM TaOJTUYHBIM
BapuaHTOM MCTOJa IMTOJHOI'O HCKIIFOUCHUAI. OOBbsicHEHHS 6YIIYT MCHCC HOIIpO6HI)IMI/I
I10 CPAaBHCHUIO C IIPCABIAYIITUMMH.

Ipumep 2.
Pemute cucremy ypaBHEHHM
2% + X, + X5 =3.
Pewenue.
Boeimumem wucxoanyro Tabmuiy. OcTaibHble TaOMUIBI OyJaeM 3alucChiBaTh
MOCJIEIOBATEIBLHO JIPYT N0 ApyroM. Bemyiue 35eMeHThl KaKI0TO I1ara 0OBeICHbBI

KpykkoM. B mocinennedt Tabnuile KpyXKaMH ~OOBEIACHBI BCE  €IUHUIIBI,
COOTBETCTBYIOIIUE BEAYIIIUM 3JIEMEHTAM BCEX IIArOB.

© 2 ) 7 8
1 1 1 0 1
2 1 1 3 7
1 2 2 7 8
0 3 @) | = 9
0 3 5 | 11 9
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1 4 o | 7 | -0
0 -3 1| 7 | o
0 12 0o | 24 | 36
1 4 o | 7 | -1
0 -3 1| 7 | o
o (1) o 2 3

L o 0 1 2
0 o (@) ] 4 0
o (1) o 2 3

Ha nepBom miare BenymuM 31eMeHTOM BblOpaHa 1, cTosiiiast B IEpBOM CTPOKE
u nepsoM cronoue. Ilocne sToro Beayiryo (epByr0) CTPOKY MEpPENUcay, U 3aTeM,
YMHOKUB TocliefoBaTesibHo Ha (—1) u (—2), nmpubaBuiiu COOTBETCTBEHHO KO BTOPOM
U TPETHEU CTPOKAM.

Ha BTopom mare Benyuield BbIOpaHa €IMHULA, CTOSLIAS BO BTOPOM CTPOKE U
TpeTbeM cToJione. Benymas (BTopasi) CTpoka yMHOXkanach MOCJIEI0BAaTEbHO HA 2 U
(—5) u mpubaBsIIach COOTBETCTBEHHO K TIEPBOIl U TpeTheil cTpokam. Bropast ctpoka
ObLIa nepenucana 6€3 U3MEHEHU.

[Ipexne yem nenaTh TPETHM IIAr, BCE DJIEMEHTHI TPETHEH CTPOKHU Pa3IeiIiIv
Ha 12. Kak Ob1JI0 OTMEUYEHO B MpeAblayIieM naparpade, AejieHrue J11000ro ypaBHEHUs
(a, cmeoBaTeNbHO, JIFOOOW CTPOKHU TAOJIUIIBI) HA OTIMYHOE OT HYJIS YMCIIO TIEPEBOJIUT
CUCTEMY ypaBHEHUN B OJKBUBAJIEHTHYIO €il cuctemy. [loaTomy Ha mroOom 1mare
1enecoo0pa3Ho JeNaTh Takue MnpeoOpa3oBaHMsl C TEMH CTPOKaMH, BCE 3JIEMEHTHI
KOTOPBIX KPaTHbI HEKOTOPBIM YUCIIAM.

Ha TperpeMm mare Beaymmi 3JIEMEHT — €IMHULA, CTOSAILIAS B TPETHEU CTPOKE
¥ BTOpPOM cToJiOIe. Benyiyto (TpeTbio) CTPOKY YMHOKHIIM TIOCTIEOBATENBHO HA 4 U
3, ¥ TpuOaBUIM K TIEPBOM M BTOPOW CTPOKAM COOTBETCTBEHHO. TPETHIO CTPOKY
nepenucany.

W3 nocnenuen Ta0IUIbl HAXOIUM:

X1=1, X3=—1, x2=2.

Takum oOpa3zoMm, JaHHash CHUCTEMa YPaBHEHMU OMNpeJereHHas U €€ pelieHue
MMeeT BUJL:



Jlemaem mpoBepKy:
1+2-2-2-(-) =7,
1-2-(-1) =0,
2-1+2+ (-1 =3.

Bee ypaBHenus oOparwmch B ToxaecTBa. (CeqoBaTeNbHO, CUCTEMA peELIeHa
BEPHO.

IIpumep 3.
Pemuts cucremy ypaBHEHUI
Xg —2X, + X3 — X, =-1,
—3X; —4X, — X3 +5X, =3.

Pewenue.
1 —2 @ -1 -1 —2
2 1 1 -3 1 2
-3 —4 -1 5 3 0
1 —2 1 -1 -1 —2
D 3 0o -2 2 4
—2 —6 0 4 2 —2
0 -5 1 1 -3 —6
1 3 0 —2 2 4
0 0 0 0 6 6

CucreMa HECOBMECTHA, TaK KaK B TPEThEH CTPOKE MOCJIECIHEH TaOIHIBI BCE
AJIEMEHTBI JI0 YEPThl PaBHBI HYJIO, a TMOCJIE YepThl CTOUT O, T.e. TPEThsl CTPOKa
SKBUBAJICHTA ypaBHEHUIO (7.1).

7.3. ®opMYJibI NOJHOTO UCKJIIOYEHUSA

TaOnuaHBI BApUAHT METO/1a TIOJTHOTO UCKITFOYSHHUS IIO3BOJISET B 3HAYNTEILHON
cTeneHu (hopManu3oBaTh U TEM CAMBIM YIIPOCTUTHh HaXOXJICHHE PEIICHUS CHCTEMbI
TUHENHHBIX YypaBHeHuil. lIporecc BBUUCICHUN MOXHO (OpMaM30BaTh €IIe B
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OOJBITNIEH CTETeHH, BHIMHUCAB (OPMYJIBI, MO KOTOPHIM MPEoOpa3yrTCs AIEMEHTHI
TaOJUIIBI B PE3yJIbTaTe OJHOTO IIara METO/1a MOJHOTO UCKITIOYEHHS.
PaccMoTpuM TaGuuIbl IBYX MOCIeqOBaTeNbHBIX ImaroB. O0o3Haunm ajj, b —

!
ij
[TycTb apk — BeAyIIMiA 37IEMEHT UCXOAHOM TaOauIbl. Toraa Tabauibl ATUX IaroB Oy yT
UMETh CJICTYIOIINMI BU/I;

o '
QJICMCHTEI NCXOJHOU Ta6J]I/IHI>I, a a bi — JJICMCHTHI Ta6J'II/IHI>I CJICAYOOICIro miara.

.......apj... bp Zp

dik - ... & .. bi Zi
1 ay; b, P
0 5 o | X

Hamma 3amaya: Hanucatrs (hOpMyJIbl, KOTOPBIE TTO3BOJISIT IO DJIEMEHTAM UCXOHOM
Ta0IUIIbI, 3HAS BEAYIINI 2JIEMEHT, BBIMTUCATh 3JIEMEHTHI TaOJIUIIBI CIIEAYIOIIETO I1ara.

Benymias ctpoka, Kak U3BECTHO, MpeoOpa3yeTcs MmyTeM JCICHHS Ha BEXyIIUn
anemeHT. ClietoBaTeNbHO, AJI TPEoOpPa30BaHHBIX AJIEMEHTOB P-0i (BEIYyIIEi) CTPOKH
[OJIy4aeM:

al =" p=—t (7.3)

JIi1st TOrO, 4TOOBI 3aHYJIUTH AIEMEHT @ik BEIYILETo CTOJIONA, K AJIEMEHTaM I-0i
CTPOKH TPHUOABIISIEM COOTBETCTBYIOIIME AJIEMEHTBI P-OM CTPOKH, YMHO>KEHHBIE Ha

a.
ik s o
——— |. CnenoBaTenbHO, I MPEOOpa30BaHHBIX DJIEMEHTOB I-0M (HE BemyleH)

Ak
CTPOKH MOJIydacM:
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Qi | Apkij — apjdi

(7.4)

ai=a;+a, | — =
i~ P ,
apk apk
a a.b—-ba
bi,:k}l'l'bp' i | O pk™i p 'k.
Apk Apk

[Tonygyennsie popmynbr (7.3) u (7.4) Ha3BIBAIOTCA ¢hopmynamu HOIHO20
ucknwyenusn. IlocnenoBarenbHoe MPUMEHEHHE 3TUX (OPMYT JaeT BO3MOXKHOCTH
peraTh METOIOM TOJTHOTO UCKITIOUEHUS JTI00BIC CHCTEMBI JTMHCHHBIX YPABHCHHM.

Jlnst 3anomunaanmst Gopmyn (7.4) peKOMEHIYETCSl MCIOIB30BaTh CIIEAYIONTYIO
CXeMY, WJUTIOCTPUPYIOIIYIO MpeoOpa3oBaHUe dJIEMEHTa &jj MCXOIHOU TaOIUIBL:

Ak ]

Tak kak Bce 3JEMEHThl CXeMbl O0pa3ylT MNPSIMOYTOJbHUK, TO MPABUIO
nepecyeTa 3J€MEHTOB TaOJIUIbI TOJIYYNIIO Ha3BaHHE ITpaBWiIa IPSIMOYTOJIbHUKA.

Ilpasuno npamoyzonvruka.

Just Toro, 4roObl mnepecuuTaTh MO (opMyJaM MOJTHOTO HCKIIOYEHUS
MPOU3BOJIBHBIA 3JIEMEHT TAaOJUIbl, HE CTOSIIMA B BEAYLIEH CTPOKE M BEAYyLIEM
cT0JIOIE, HEOOXOIUMO:

1) yMHOXUTbH €ro Ha BeIyIIHii DIICMEHT;

2) W3 TOJNYYCHHOTO MPOU3BEACHUS BBIYECTh IPOU3BEICHUE JBYX IPYTrUX
AJIEMEHTOB TaOJUIbl, JOMOJHSIOMIMX HWCXOAHBIA W BEAYIIUH B3JIEMEHTH 0
MPSAMOYTOJIbHUKA;

3) pa3menuth pe3yabTaT Ha BEILyHIHid DICMEHT.

Hcnonb3yst (opMyIbl IOTHOTO UCKITIOUEHUS TIPH MMOCTPOSCHUH HOBOW TaOJIHIIHI,
BBIYMCJICHUSI MOKHO BECTH HE TOJIBKO IO CTpoKaM (Kak 3TO JeNIaioCh paHee), HO U 10
cToJIOIaM, 1, BOOOIIIE, B TH000M YI0OHOM (TI0 KAaKUM-JTMOO COOOpaXeHUSIM) TOPSIKE.

Kak yxe HeOJHOKpaTHO OTMEUaIOCh, €CIM B BEAYIIEM CTOJOIE €CTh HYJIEBhIC
AJIEMEHTHI, TO COOTBETCTBYIOIINE UM CTPOKH B CIICYIONIYIO TaOIHILy IepeHocATcs 0e3
M3MEHEHHU. ITO ke PopMabHO ClIeIyeT U3 GopMyJl TOJTHOTO UcKiroYeHus (7.4):
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& pi Ajj

a

eciu ax =0, 10 &) = i

pk

O6paTI/IM BHHUMAHHNC, YTO aHAJIOTHUYHAA CUTyalld BO3HHUKACT U B TOM CJIy4dac,
Korga BEaAyasa CTpOKa COACPIKUT HYJIN:

ecmn ap =0, T0 & =3,
T. €. €CIu B BEIylIEH CTPOKE €CTh HYJHM, TO COOTBETCTBYIOIIME WM CTOJOIIbI
HEPEHOCATCST B CIEAYyIOIyl0 Tabnuiy Oe3 u3MeHeHuil. IlosToMy, mpucrtymnas k
IpeoOpa3oBaHUIO TAOIMIIBI, LEIECOO00pPa3sHO BHAYaje MEPEHECTH B CIEAYIOLIYIO
Ta0JIMIy T€ CTPOKM M CTOJNOLBI, JJIEMEHThl KOTOPBIX HE HYXIAIOTCI B
peoOpa3OBaHUAX, U TOJBKO IOCIE 3TOTO0 MPUCTYNHUTh K 3allOJIHEHUIO OCTaBIIMXCS
IIyCTBIX MECT, T. €. BHIYUCIUTH T€ 3JIEMEHTHI, MECTA KOTOPHIX B HOBOI TabJIUIIE ellle HE
3aHATHI. Takol MOPsIIOK BBIYMCIIEHUH 0OKa3bIBAETCSI BECbMA YIOOHBIM, 0OCOOEHHO B TOM
cily4ae, Korja B TaOJMIE MHOTO HyJel, Hanmpumep (Kak OyAeT MOKa3aHO HUXKE) MpU
HaXO0KJE€HUU 00OpaTHOM MATPHUIIBI.

OTMeTuM TakXke, 4To MpHU MpeoOpa3oBaHUU TAOIUIBI MO (POpMYJIaM MOJIHOTO

'
HCKIIIOYCHUA 3JICMCHTBI KOHTPOJIBHOI'O CTOJ'I6I_[a Zi )51 z'p MNCPECUHUTHIBAIOTCS 110 3TUM

xe hopMynam.
[ToaBeaem UTOT U3TI0’KEHHOMY BBIIIIC.

Jusa npeoOpa3oBaHus TadAMUbl MO0 (OpMYJIaM IOJHOTO HCKJIKYEHUS,

HE00X0MMO:

1. Pa3zpenuth BeIylIyto CTPOKY Ha BEAYIIUH DJIEMEHT.

2. 3amnoJIHUThH HYJISIMH BEAYIIUN CTOJIOEII.

3. Ecnum ucxomnslii Beqymuid CTOIOCI CONEPKUT HYIIH, TO COOTBETCTBYIOITUE
UM CTPOKH MEPEHECTH B CIEAYIONIYIO Ta0IUIy 0€3 U3MEHEHUH.

4. Ecnu Bemyiasi CTpOKa COAEPKUT HYJIH, TO COOTBETCTBYIOIINE UM CTOJIOIIBI
nepeHecTy 0e3 U3MEHEHUM.

5. Tlo mpaBwity mpsSIMOYTOJIbHUKA 3allOJIHUTh BCE OCTABIIMECS MYyCTHIMU MECTa
TaOJIUIIBI.

IMpumep.
Pemmth METOAOM ITOTHOTO UCKIIFOYEHHUS CUCTEMY YPABHEHUH

Xy —2X3 +2X, + X5 =4.
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Pewenue.
CocTaBuM UCXOHYIO TAOIHUILY:

@ 2 0 -1 2 0 4
2
0

-1 1 —2 -1 -1 -2
1 —2 2 1 4 6

Ilar 1. BeibepeM BeaymuM 31€MEHTOM €IUHUILY, CTOSIIIYIO B TIEPBON CTPOKE U
nepBoM ctoJiore. [lepenmieM mepByto cTpoky 0€3 U3MEHEHHS U 3aIl0THUM BETyIIAN
(TIepBBIit) CTONIOLI HYJISIMU

Tak kak UCXOAHBIM BEAYUIUNA CTOJNOCI COAEPKUT HOJb, TO COOTBETCTBYIOIIYIO
€My TPEThIO CTPOKY TepenuiineM 0e3 n3mMeHeHu. Tak KaK Beaymas CTpoKa COAEPIKUT
JIBa HYJISl, TO COOTBETCTBYIOIIME UM CTOJIOIBI TAK)KE MEPENUIeM 0€3 N3MEHECHUI:

1 2 0 -1 2 0 4
0 1 -1
0 1 -2 2 1 4 6

YeTtsipe MecTa B TaOJIMIE OCTANNCh MYyCThIMU. {7151 X 3aMOIHEHUs] COCTaBUM B
MCXOJIHOM Tabyule YeThlpe MPSIMOYTOJIbHHKA U MPOU3BEAEM PACUEThI MO MpaBUITY
MPSAMOYTOJIbHHKA!

2 -1 1 —2 -1 -1 —2
0 1 -2 2 1 4 6
' _1'(_1)_2'2_



0 1 -2 2 1 4 6
. (—2)1<—1) 2_,
2 0 1 2 0 4
2 —1 1 — -1 -1 -2
0 1 -2 2 1 4 6
, 1.(-1)-2-2
25 = ( )1 ==
(v 2 0 1 2 | 0 +—y
2 = 1 —2 -1 [ =2
0 1 -2 2 1 4 6
5 :1-(—2)—4-2 _ 10,
1
Takum 00pa3om, TabnuIla MOJTHOCTHIO 3aMOTHEHA U UMEET BU:
1 2 0 -1 2 0 4
0 -5 @ 0 -5 -1 -10
0 1 —2 2 1 4 6

Ilar 2. Benyuuii 3JieMEHT — €IMHUIIA, CTOSIIAsi BO BTOPOUl CTPOKE U TPEThEM
cronbre. [lepenuiiieM BTOPyIO CTPOKY, TPETUH CTOJIOLI] 3aII0THUM HYJISIMU:
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Tak xak UCXOMHBINA BEAYIIUN CTOJOEI] COACPIKUT HOJIb, TO COOTBETCTBYIOIIYIO
€My MEePBYIO CTPOKY nepenuiineM 0e3 n3meHeHui. Tak kak BeayIasi CTpoKa COJAEPKUT
JIBa HYJIsl, TO COOTBETCTBYIOLIUE UM MEPBHIN U YETBEPTHIN CTOIOCI] TAKXKE EPEIHUIIIEM

0€3 U3MEHEHUM:

1 2 0 -1 2 0 4
0 5 1 0 5 1 | -10
0 2

3amnoJIHUM 1O IMpaBuIIy IpAMOYI'OJIbHHUKA ITYCTBIC MCCTA Ta6J'II/IHI)II
1 2 0 -1 2 0 4
0 5 1 0 5 -1 | -10
0 9 0 2) 9 2 | -14

Ilar 3. Beayiuii 31eMeHT — 3JIEMEHT 2 B TPEThEN CTPOKE U YETBEPTOM CTOJIOIIE.
Benyiiyio TpeTbio CTPOKY pa3feianuM Ha 2, YeTBEPThIA CTOJIOEI] 3aM0JIHUM HYJISIMHU:

0
0
0o -% 0 1

-

—7/

be3 n3MeHeHul MepenuchiBaeM BTOPYIO CTPOKY, a TaKK€ NEPBBIM M TPETUU

CTOJIOIIBI:

1 0 0
0 -5 1 0
0o -% 0 1

-9

-%

-10
—7/

3anoHsIeM OCTaBIIHECS IMyCTBIC MCCTa 110 IMpaBUJIy NPpAMOYTOJIbHHKA.
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@ -9 0 0o -% 1 -3
0 -5 @ 0 5 -1 ~10
0o -% 0 @ -% 1 -7
ITo moceHel TaGIHIe BHITHCHBACM OTBET:

1+ %X, + % X
X2
—1+5X, +5X;
1+9%, + % X

Xs

oow =

7.4. Pemienne cucTteM yYpPaBHEHHMH, OTJMYAKIIUXCH MPAaBbLIMH
YacTAMHU

HYCTB HCO6XO,[[I/IMO PCIINUTL HCCKOJIBKO CUCTCM ypaBHeHI/Iﬁ C OIIHOﬁ 1 TOM XKe
ManHI_Ieﬁ CUCTCMBI U PASHBIMU IIPABBIMH YaCTAMU:

AX=By, AX=B,, ..., AX=B«

Tak xak BCAYIIUMHU JJICMCHTAMH B MCTOAC ITIOJIHOI'O HUCKIIOYCHUA MOT'YT OBITH
TOJIBKO 3JICMCHTBI MaTPHUIIbI A H, CJICOJOBATCIIBHO, BCC BBIITOJIHACMBIC Hp606paBOBaHI/I$I
T36HHHI>I OIIPCACTIAIOTCA €C IJICMCHTAMH W HC 3aBHCAT OT IIPABBIX qaCTeﬁ, TO 3TH
CUCTCMBI MOZKHO p€IIaTb OJHOBPCMCHHO. I/ICXO,I[HaSI TaGHI/IHa 6yz[eT HUMCTDb BUA:

A|B1|B2]|... | Bkl 2,

T. €. IO UePThI CTOUT 00111ast JIJIsl BCEX CUCTEM YPaBHEHUM MaTpUIla CUCTEMBI, 32 YePTOU
MOCJIE0BATEIBLHO BBIMKUCAHBI CTOJIONBI MPABBIX YacTEH BCEX CHUCTEM, a 3a JIBOMHOM
4epTo — KOHTpOJIbHBIA cToJyOen. I[IpoaenaB HeoOXoaMMOE KOJUYECTBO IIAroB,
MOJIYyYUM TaOJUIly, U3 KOTOPOM MO OOBIMHOMY MPaBUJTy BBIMUCHIBACTCS PEILICHUE
KOKIOW CHCTEMbl (B cllydae €€ COBMECTHOCTH), JUIS YEro HCIOJIb3yeTCs
COOTBETCTBYIOIIUI €/ CTOJIOCI] TPABBIX YaCTEH.

Mpumep.

Pemmts cucteMsl ypaBHEHHM
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Pewenue.

2 O 2 1 3
1 1 2 2 0 1 3
2 1 1 2 2 1 3
3 0 (1) 4 2 0 6
5 (1) 0 6 4 1 9
3 0 (1) 4 2 0 6

Hcnons3ys cronber mpaBbIX YacTeH, CTOSLIMN 3a MEPBOM YEPTOM, HAMMILEM
peLIeHnE NEPBOY CUCTEMBI YPAaBHEHUM:

X
1
4 — 3%,

AHanoOrnyHo, UCMONb3Ysl CTOJOLBI, CTOSUIUE MOCIE BTOPOM U TPEThEH YepTHI,
HAIIMILIEM PEIICHHS] BTOPOU U TPEThEW CUCTEM COOTBETCTBEHHO:

X1 X
X@ =|-4-5% |  X8& =|1-5%
—2-3X% - 3%

7.5. Haxoxaenue oOpaTHOM MAaTPULbI
PaccmoTpum pon3BobHYIO0 MaTpully 4 N-To mopsiaka

&1 8 v G

a a cee a
A_| B B2 2n

dp 8pz 0 A

Tpebyercs Haiitn o6paTHyro MaTpuiy A 1. O603HaYNM HEN3BECTHEIE
AJIEMEHTBI 0OpAaTHOW MaTpPHUILIbI Uepe3 Xjj U OyJeM HCKaTh €€ B BUJIE

X11 X2 X1n

_ X X X
AL | X2 X2 2n
an Xn2 Xnn



ITo onpenenennio oOpaTHot MaTpunsl A - A1 = E, 1. €.

d; Qp o gy X117 X2 0 Xqp 1 0 -0
81 8xp v An||Xa Xz v Xpp|_ |0 1 - 0
anl an2 T ann X Xn2 0 Xpn 0 o - 1

3anuueM 3TO paBEHCTBO B Pa3BEPHYTOM BuJE. /{15 3TOro cHavyaia Bce CTPOKHU
MaTpulbl 4 YMHOXUM [TOOYEPENHO Ha NEPBLIN cTonben Marpunsl A L. B pesynbrare
TIOJyYMM HEPBBIA cronOen mnpoussenenus 4 - A, KOTOpbIi IPUPaBHAEM MEPBOMY
cTonOiry Matpuiiel E. [Toydaem creayroniyro cucTeMy ypaBHEHUH:

Ay Xy + Xy o+ Xy =1
Ay Xy F AyoXpy ...+ 8y X =0,

A X + Ao Xog +...+ A, X, =0.

OT0 cucremMa N JIMHEWHBIX YPaBHEHUU ¢ N HEU3BECTHBIMH, IPUYEM MaTPHULIECH
CUCTEMBI SIBJIIETCS MaTpulla A, a HEU3BECTHBIMH — 3JIEMEHTBHI MEPBOrO CTOJOLA
maTpunpsl AL

3aTeM YMHOXHM BCE CTPOKHM MaTpuIbl 4 Ha BTOPOM cromben mMaTpuubl A1
U TPUPABHSAEM IOJYYEHHBIE PE3YyJbTAaThl COOTBETCTBYIOIIMM JJIEMEHTAM BTOPOIO
ctosiona matpuibl E. [ToayyuMm cucreMy ypaBHEHHI
A1 Xp + ApXgp +.oo+ X, =0,

Ay Xip +8pXpp +...+ Xy, =0.

Marpuiieil 3Toil cucCTeMbl YpaBHEHUW TakKe sBisgeTcss Marpunia A. Pemus
TIOJy4EHHYKO CHCTEMY, MBI HaiJeM 3JIEMEHTHI BTOPOrO CTONOIA Matpuibl A .
[IponenaB aHaNIOrMYHYIO MPOLEAYPY C TPETHUM, YETBEPTHIM, ..., N-M CTOJOIAMU
MaTpunbl AL, momyunm ere N—2 CUCTEMBI yPaBHEHHH C TOM K€ MATPHUIEH CUCTEMEI
A ¥ TpaBbIMU YACTSIMH, SABISIIOUIUMCS TPETbUM, YETBEPTHIM, ..., N-M CTONOLIAMH
Matpuipl E. HensBeCTHBIMU B MOJYYEHHBIX CUCTEMAaxX YpaBHEHUN OYyIyT 3J€MEHThI
TPETBETO, YETBEPTOIO, ..., N-TO CTONOLOB HCKOMOM MaTpuibl AL,

Taxum 06pa3oM, HaXOkKIEHHE 0OPaTHON MaTpullbl 41 CBEIOCH K PELIEHHIO N CHCTEM
JIMHEWHBIX YPAaBHEHUW C OAHOW M TOW K€ MATPULEH CHUCTEMBI 4 U C Pa3INYHBIMU
MPaBbIMU YaCTSIMHU, SIBISIFOIIMMHUCS CTOJIOLAMU €AMHUYHON MAaTpUIbl N-TO MOpsKa.
Kak Opu10 mokaszano B mpenplayiieM naparpade, Takue CUCTEMbl YPaBHEHUNH MOYKHO
pemath ogHOBpeMeHHO. McxomHas Tabnuua OyAeT UMETh CISAYIOUIU BHJ
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(BEepTHKAIbHBIE UYEPTOYKHM MEXKAY CTOJOIMAMH TIPABBIX 4YacTEHd CTaBUTh IS
HaIJISIAHOCTH HE OyIeM):

A E )
aill ain d1n 1 0 0 21
doq doo . don 0 1 - 0 22
an]_ an2 coe ann O 0 - 1 Zn

JlanpHeimme mpeodpa3oBaHus MPOBOANM IO (hOPMYJIaM IMOTHOTO UCKITFOUCHHSI.
Ecnu Ha HEKOTOpPOM mI1are MOSBIISAETCS CTPOKA, BCE AJIEMEHTHI KOTOPOM, CTOSIINE 0
4epThI, paBHBI HYJIO, TO 3TO O3HAYACT, YTO UCXOHAS MaTpumna A BBIPOXKICHHAS H,
3HAUUT, Y HEE HE CYIIeCTBYeT 00paTHOM. Beuncnenus Ha aToM npekpaiaorcs. Eciu
TaKoW CTPOKM HE BO3HHUKAET, TO MPOIEAypa METOJa IMOJHOTO HCKIIOYEHUs Oynaer
cocToATh U3 N 1maroB. [Ipojienas 3Tu maru, nepecTaBUuM CTPOKH MOCIEIHENH TaOIUIIbI
TaK, 4ToObI TabNuIIa TPHOOpEIa CASAYIOIUNA BUL:

1 0 .. 0 b1 b1y .. bin 21
0 1 .. 0 bt b2 .. ban 2y
0 O e 1 bn]_ bn2 e bnn Z;«l

N3 710t Tabnuiibl moydaeM perieHus BceX N CUCTeM ypaBHEHUH.

Perierrie mepBoit cucteMbl: Xx11 = D11, Xo1 = b1, ..., Xn1 = bpy,
T. €. IepByi cTonder MaTpuIbl A1 COBIAN ¢ IEPBBIM CTONOLIOM TAOJMIBI, CTOSLIAM
MOCJIE€ YEPTHI.

PerieHrie BTOpoii CUCTEMBI YpaBHEHHI: Xi2 = D12, X22 = D22, ..., Xn2 = bz,
T. €. BTOpoii cTonben; A~! coBmasn co BTOpBIM CTOIOLOM MOCIE YEPTHL, U T. 1.

CnenoBatesbHO,

by b - by

A—1: b21 b22 b2n

bn1 bn2 bnn

Takum 00pa3om, eciiu CTPOKH TMOCIEIHEH TaOIHIIBl YIIOPSAI0UYNTh TaK, YTO Ha
Mecte MaTpuibl A (T. €. clieBa OT 4epThl) OyACT CTOSTh €AMHUYHAS MAaTPUIlA, TO HA

MeCTe eIMHUYHON MaTPHIHI (T. €. CTIpaBa OT YepThl) Oy/IeT CTOSTH OOpaTHAsT MaTpHIla
Al
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CxemMaTHYHO MPOIECC HAXOXKACHUS OOpaTHOM MAaTPHUIbl METOIOM MOJIHOTO
UCKJIIOYEHHS MOKHO M300pa3uTh CIEAYIOIINUM 00pa3oMm:

A E
E A7
Ipumep.
Haiitu Matpuiy, 0OpaTHyto MaTpuue
1 1 0 1
A 0 -1 1 -1
2 0 1 2
-1 0 -1 1
Pewenue.
1 @ 0 1 1 0 0 0 4
0 -1 1 -1 0 1 0 0 0
2 0 1 2 0 0 1 0 6
-1 0 -1 1 0 0 0 1 0
1 1 0 1 1 0 0 0 4
1 0 @ 0 1 1 0 0 4
2 0 1 2 0 0 1 0 6
-1 0 -1 1 0 0 0 1 0
1 1 0 1 1 0 0 0 4
1 0 1 0 1 1 0 0 4
1 0 0 2 -1 -1 1 0 2
0 0 0 @ 1 1 0 1 4




1 1 0o 0|0 -1 0 -1 |0
1 o 1 o |1 1 0o 0| 4
1) o o o|3 3 1 2 |-6
o o o 1|1 1 0o 1| 4
o 1 o 0| 3 2 1 1|6
o o 1 0| 4 4 1 2 |10
1 o o o0 |3 3 1 -2 |-
o o o 1|1 1 o 1| 4
1 o o0 o0 |3 3 1 -2
o 1 0o o | 3 2 -1 1
o o 1 0| 4 4 a1 2
o o o 1|1 1 o 1

N3 nocnenneit (ynopsgoueHHOM ) TaOIUIIbI BBIITMCHIBAEM OOPATHYIO MaTPUILY:

-3 -3 1 -2
a1 |32 -1
4 4 -1 2
1 1 0 1

CrenaeM IpoOBEPKy, IS 4ero BeruuciuM A - AL

1 1 0 1)(-3 -3 1 -2y (1000

L, /0 -1 1 -1/{3 2 -1 1]]0 100
A-A" = : = =E.

2 0 1 2|4 4 -1 2]]0010

-1 0 -1 1)1 1 0 1){00001

CnenosarensHo, o0paTHas maTpuna 4! Halizena BepHo.

HOI[BGI[CM HUTOT U3JIO’JKCHHOMY BBIIIIC.
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Jasi Toro, 4YroObl HAWTH OOPAaTHYH) MATPHUIY METOJOM IOJHOIO
HCKJIIOYEeHNsI, He00X0AUMO:

1. 3anoaHUTE UCXOAHYIO TA0JIUILY, 3aMKCAB CJIEBA OT YEPTHI KCXOIHYIO MATPHUILY
A, a cripaBa OT 4epThl — IMHUYHYIO MaTpully £ Takoro e nopsaka. [logcuurars
KOHTPOJIBHBIN cTON0EI.

2. IlpeobOpazoBaTe Tabiuiy 1o (QopMynaM IOJHOTO  HMCKIIOYCHUS.
[TosiBnsitomuecst CTPOKH, BCE DJIEMEHTBI KOTOPBIX JI0 YEPThl PaBHBI HYJIIO, 03HAYAIOT,
YTO MCXOJIHAs MaTpHIla BEIPOKJICHHAS U Y HEE HE CYIIECTBYET OOpaTHOM.

3. YIopsa104uTh CTPOKH MOCTIEAHEH TaOIHIIBI TaK, YTOOBI HA MECTE MATPHIIBI A,
T. €. CJI€Ba OT YepThl, CTOSJIa €AWHUYHAsA MaTpuua. loraa Ha MeCTe €IUHUYHOU
MaTpHIIBL, T. €. CIIPaBa OT YEPTHI, OyIeT CTOATH oOpaTHas MaTpuna A .

7.6. IlpoBepka JiMHelHO 3aBHCUMOCTH MHOKECTBA BEKTOPOB
PaccmoTpM M N-MEpHBIX BEKTOPOB:

& = (83, App, -, 8py),
a, =(a, 8y, ...,a0p),

am:(alm’aZm""’anm)-

Kak n3BecTHO, yCI10BHE TMHEWMHON 3aBUCUMOCTH 3TUX BEKTOPOB 03HAYAET, UTO
CYIIECTBYIOT HEKOTOpbIC uncia Ki, Ko, ..., Ky, cpeau KoTopeIX XOTst ObI OJHO OTIMYHO
OT HYJISA, TAKUE, YTO BBIIIOJHSIETCS YCIOBUE

kg +K,a, +...+k,a, =0,

[Tepenuirem 3To paBEHCTBO B KOOPJAMHATHOM (hopMe, 3aruchiBast Iy y100CTBa
BEKTOPHI B BUJIE BEKTOP-CTOJIOIIOB:

all a12 a1m 0

a a a 0
K, 21 +k, 22\ 4, +k, =

anl an2 anm 0

OTKyJa CJIeayeT, YTO
kKiay; + Kya, +...+ Ky, =0,
k.a,, +k,a,, +...+k_ a, =0,
121 2%22 m™>2m (75)

k,a, +k,a,, +...+ K a,, =0.

Takum 00pa3oM, BONPOC O JIMHEHHON 3aBUCHUMOCTH CBEJCS K BOIPOCY:
CYLIECTBYET JIM HEHYJICBOE PELICHUE TTOJTYYEHHON CUCTEMbI YPABHEHUN WJIA HET. Eciu
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y cucteMbl (7.5) cyliecTByeT HEHYJIEBOE pPEIIEHHE, TO BEKTOPhI &y, dy, ..., dp
JUHEMHO 3aBUCHUMBI, €CIIM JK€ CYIIECTBYEeT TOJBKO HYJIEBOE pEIICHHE
ki =kz = ... =Kpn =0, To BEeKTOpBI TUHCHHO HE3aBUCHUMBI.

Cucremy ypaBHeHu#t (7.5) pemraeM TaOJIMYHBIM BapHaHTOM METOAA MOJHOTO

HCKIIOYCHU. OTMGTI/IM, qTo HGpBBIfI CTOJ'I6€I_[ HCXOI[HOﬁ Ta6JII/II_H)I SABIIACTCA BEKTOPOM

b

31, BTOpOﬁ — BCKTOpOM 32 uUrT. O.,a CTOJ'I6€H IIpaBbIX JacTeu KaXXIJ0ro mara ABJIsICTCA

HYJIEBBIM CTOJIOIIOM, MO3TOMY €ro MOXKHO OMYyCTUTh. Takum 00pa3oM, HCXOIHas
Tabnuua OyaeT UMETh BUJI:

gl az Y ar'ﬂ z
an ai Aim 21
axz az2 dam )y 2
dn1 an2 oo Anm Zn

Ecnu tabnuma mocneanero miara OyaeT coaepkKaTb M CTPOK (CTOJIBKO Ke,
CKOJIBKO CTOJO1I0B), TO cuctema (7.5) omnpeeneHHas, caea0oBaTeIbHO, UMEET TOJIbKO
HyJIEBOE pelieHue. B 3ToM ciiyyae BEKTOpbI JIMHEMHO He3aBUCHMMBL. Ecimm ke
MOCJEHAS TabIUIa CONEPKUT CTPOK MEHBIIE, 4eM CTOJIOIOB (T. €. MEHbIIEe M), TO
CHUCTEMA HEOIPEIEIICHHAsA, CIIEI0BATENIbHO, UMEET HEHYJIEBbIE pemieHusd. B 3Tom
CJIydae BEKTOPHI JUHEWUHO 3aBUCHMBI.

Ipumep 1.
HccnenoBars Ha TMHEMHYIO 3aBUCUMOCTD BEKTOPHI

=01-101,a=(211-1), 3= 01 0), a,=(-1, 1 0, 2).

Pewenue.
CocTaBiM HCXOIHYIO TaGJIHILy, PaCHONIOKHUB BEKTOPbI &y, dy, d3 M 84 TI0

cTonOllaM, M TIOJACYMTAaeM KOHTPOJBHBIN cTonben. Ilpomemaem HeoOxommmoe
KOJIMYECTBO IIaroB METO/A ITOJIHOT'O UCKITFOUECHUS:

1 2 O 3

-1 1 0 1 1
0 1 1 0 2
1 -1 0 2 2




1 2 1 ] 3
1 1 o (v 1
1 ] 0 1 ]
1 1 0 2 2
0 3 1 0 4
1 1 0 1 1
0 ) 0 0 )
3 3 0 0 0
0 3 1 0 4
1 1 0 1 1
o (1) o 0 1
1 1 0 0 0
0 0 1 0 1
1 0 0 1 0
0 1 0 0 1
1) o 0 0 1
0 o (@O o0 1
0 0 0 W) | 1
o () o 0 1
(1) 0 0 0 1

W3 nocnennelt TabnMIbI 3aKiII04aeM, YTO CHCTEMa YPaBHEHHM MMEET TOJBKO
HYJIEBOE PEILIECHUE, CIEI0BATENBHO BEKTOPBI JIMHENHO HE3ABUCHMBI.

Ipumep 2.
Uccnenosars Ha IMHEHHYIO 3aBUCUMOCThH BEKTOPbI

3=0211,3,=0-L11, a=L0-12), 3,=L1 2 2).

Pewenue.
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1 0 1 1 3
2 0 1 2
T € I 2 3
1 1 2 2 6
O 1 1 3
3 0o 1 3 5
1 1 1 2 3
0 0 3 0 3
1 0 1 1 3
0 0o 4 0o | -4
0 > 1 0
0 o (3 o 3
1 0 0 1
S g-smeneees g-smeneees e Gr--mrmemee

N3 nocnenneit TabIMITBI 3aKIIF0YAaEM, UTO CUCTEMAa YPAaBHEHUI HEOTIPEIeIICHHAS,
T. €. COJICPKUT HEHYJIEBBIEC PEIIEHUS, CIIEIOBATEIBHO, BEKTOPHI IMHENHO 3aBUCUMBI.
[TonBeneM UTOT U3710KEHHOMY BBIIIIE.

Jst Toro, 4To0bl MCCIeA0BATH HA JIMHEIHHYI0 3aBHCMMOCTH MHOKECTBO
BEKTOPOB, HEO0X0AUMO!

1. CocTaBUTh HCXOTHYIO TAOJIHITY, PACTIONOKUB BEKTOPHI TIO CTOJIOIAM U
MOJICYMTAB KOHTPOJBHBIN CTOJIOETI.

2. [IpeoOpazoBath TabIUILY TTO METOY MOJHOTO UCKITIOUCHHUS.
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3. Ecnu nocnenusis Tabnuiia COAEp>KUT CTPOK CTOJBKO K€, CKOJIBKO CTOJIOIOB
(He cuuTast KOHTPOJIBHOI'O CTOJIOIA), TO COOTBETCTBYIOIIAs CUCTeMa ypaBHEeHHH (7.5)
ornpe/eeHHasi, ClIeJOBaTEIbHO MMEET TOJIbKO HYJIEBOE pellleHHEe. 3HAUUT BEKTOPHI
JMHEWHO HE3aBUCUMBL. Ecnu mocnenHss Tabimuia COAEPKHUT CTPOK MEHBIIE, YeM
CTONIO1IOB, TO cuctema (7.5) HeompeeneHHas, a, 3HAYUT, UMEET HEHYJICBBIC PEIICHHS.
CrnenoBaTenbHO, BEKTOPHI TUHEHHO 3aBUCHUMBI.

CaeacrBue. B R, nr0060ii Habop U3 Oosiee ueM N BEKTOPOB BCErAa JIUHEIHO
3aBHUCHUM.

7.77. PaHr u 0a3uc MHOKeCTBAa BEKTOPOB. Pa3jioxkeHne BeKTOPOB
nmo 0asucy
PaccMOTpuM M N-MEPHBIX BEKTOPOB 8y, &y, ..., Apy,.

Panzom MHO)ECTBA BEKTOPOB HA3bIBAETCS MAKCUMAIIBHOE YHUCJIO I JTUHEWHO
HE3aBUCUMBIX BEKTOPOB 3TOI'0 MHOXKECTBA.

ba3ucom MHOXECTBa BEKTOPOB Ha3blBaeTcs Jro0as  yNnopsiio4eHHas
COBOKYITHOCTH I JINHEWMHO HE3aBUCUMBIX BEKTOPOB MHOKECTBA.

W3 atux ompeneneHuil ciemayer, 4ro 0a3uc HaXOAMTCS HEOJAHO3HAYHO, T. K.
MO>KHO, BOOOIIE TOBOps, MO-pa3HOMY M3 BEKTOPOB MHOXKECTBa BBIOMPATH
COBOKYIHOCTH I JIMHEHHO HE3aBUCUMBIX BEKTOPOB. KpoMe TOro, MOXKHO MO-pa3HOMY
YHOPSAIOYHUTH BHIOPAHHYIO COBOKYITHOCTh BEKTOPOB.

He OIrpaHHNYMBasA O6IJ_[HOCTI/I MOXXHO CYMTATh, YTO M3 JTaHHBIX M BCKTOPOB
JIMHEHHO HE3aBUCHUMBIMH SIBJISIOTCS NEPBBIC I BEKTOPOB, KOTOPBIC YIIOPAAOYCHBI 110

BO3PACTaHUIO HOMEPOB, T. €. 0a3UC UMEeT CIACAYIOITUIA BHI: {31, Ay, oy Er}.

Teopema. JlroGoii Bekrop & W3 JAHHOIO MHOXECTBA BEKTOPOB

MpPEJCTaBUM B BHJIC JIMHEHHOHW KOMOMHAIMM Oa3MCHBIX BEKTOPOB M OTO
MpeJICTaBICHUE €IMHCTBEHHO.
Jloxazamenbcmeo.

1. Jlokaxkem, 4TO BEKTOpP ai NpeACTaBUM B BHUJE JIMHEHMHOM KOMOWHAIIUU
BEKTOpPOB 0a3uca, T. €. CIIpaBe/JINBO PABEHCTBO

a=Aa+ALa,+.+14a. (7.6)
J1714 3TOTO pacCCMOTPUM CIEAYIOULYIO COBOKYITHOCTh BEKTOPOB:

ap, dy, ..., a, aj.

Tak kak B 3TOM Habope I + 1 BEKTOp, TO OHU JMHEHHO 3aBUCHUMBI (COTIIACHO
ONPENICIICHUIO PaHTa MHOKECTBA BEKTOPOB). Cle10BaTeIbHO, B PABEHCTBE

ki +k,a, +...+k.a +k, 18 =0 (7.7)
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XOTs Obl OMH M3 KO3()PHUIMEHTOB OTIMYEH OT HyJs (COTJACHO OINpEAENICHUIO
JTUHEWHOM 3aBUCUMOCTH BEKTOPOB).
[Mpennonoxum, uto Krs = 0. Torma paBeHcTBo (7.7) mprodpeTaeT BUA

npudeM XOTs Obl OJTUH U3 KOAPOUIMEHTOB K; OTIMYEH OT HYJS, 4YTO MPOTHBOPECUHT
JWHEWHOW HE3aBUCUMOCTH BEKTOpPOB Oasuca. Takum oOpazom, kng # O.
CrietoBarenbHo, U3 paBeHCTBa (7.7) MOXKHO BBIPA3WTh BEKTOp @i uepe3 O0a3HCHBIE
BEKTOPBI CIACTYIOIIUM 00pa3oM:
_—— ki~ ky _— k
i _ 1 2 e
k k k

r+1 r+1

BBoast 0003HaueHUs ﬁ,l:_kL, ,12:_kk_2, ey A =— Ke , TIoJy4aem

uckomoe npescrasinenue (7.6) Bektopa d; B BUJIE JIMHEHHON KOMOWHAIMK Oa3MCHBIX

r+l1 r+l1

BEKTOPOB, UTO U TPeOOBAIOCH JJOKA3ATh.
2. loxaxxeM, uto npencrapienue (7.6) enuuctBeHHo. [Ipeanonoxum, nmeercs

emie OJHO MpEJICTaBIEHHE BEKTOpa d; B BHJE JHMHENHOW KOMOMHALMM BEKTOPOB
0asuca:

~ I5 '~ Iy

a =4 + AL, +..+ 44, . (7.8)

Boruuras u3 (7.6) nanHO€ paBEHCTBO, MOTYUYUM:
0=(4 - )3y + (4 - )3y +..4+ (4 - A4)a.

Tak kak GasuWCHbIE BEKTOpbI &1, dy, ..., &, JIMHEHHO HE3aBMCUMBI, TO B
HIOJTy4CHHOM PaBEHCTBE BCE KOA(PPHIIMCHTHI PaBHBI HYIIIO:

M-M4=0,4L-4=0 ... A -4 =0,

M=, =N, ... 6 L=A.

CrnenoBatenbHo, mipeactaBienne (7.8) coBmamaer ¢ (7.6). Takum oOpazowm,
npencrasienue (7.6) BekTopa @i B BHJE JMHEHHON KOMOMHALMKM 0a3UCHBIX BEKTOPOB
€IMHCTBEHHO, YTO U TPEOOBAJIOCH JOKA3aTh.

[Ipencrasnenue BeKTopa dj B BHIE

a =Aa +4,a, +..+ 4.8
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HA3BIBACTCA Pa3loNceHUeM @ekmopa d; MHOXecTBa no 6azucy {dy, ay, ..., &},

a uncna A1, Az, Ar — Koopounamamu eexmopa 3d; B >ToM Gasuce. B koopounamnoii
gopme Taxoe paznodcenue 10 6a3UCY MOXKHO 3aMKCATh TaK:

8 = (A, Agy s Ar).
Ipumep 1.

Janst Bektopel d1= (1, 2,0), a8, =(0,0, 2), a3 =(1, 2, 4).
Tpebyercs:

1) HaiiTH paHr U KaKoH-HHOYIb 0a3uc MHOYKECTBA BEKTOPOB,;

2) Pa3NIoKHUTh BCE BEKTOPHI MHOKECTBA 10 BEIOpAaHHOMY 0a3ucCy.
Pewenue.

1. Jlerko mpoOBEpUTH, YTO CHPABEIMBO PABEHCTBO a; =a; +23,.
Crie1oBaTeNbHO, BEKTOPLI a1, 8y, d3 JIMHEHHO 3aBUCHMEL. B TO ke BpeMsi BEKTOPHI
8, 1 @) IMHEHHO HEe3aBHCUMBI, T. K. PaBeHCTBO & = K&, He BBINOIHACTCS HH NPHU

kakoM K. Takum o6pasom, r = 2, {8;, 8,} — 6asuc.

OTMCTI/IM, YTO JIMHEHHO HE3aBHCHUMBIMHU SIBIISIFOTCS JIFOOBIC ABa BCKTOpa U3
JaHHBIX B YCJIIOBHHU TPCX BCKTOPOB. HOBTOMY B KadecTBe 0Oa3uca MOYKHO BLI6paTI)

mobyio U3 6 yIOpANOYEHHBIX COBOKymHOcTeil: {dy, a}, {@y, &}, {&, as},
2. Pa3noeHue BEKTOPOB MHOKECTBA 10 6asucy 18y, dy} GymeT UMeTh BH:
alzl'al +O'§2 :(1,0),
32 :0'31 +132 :(0,1),

B oOmem ciyyae [OBOJIBHO TPYJHO HAWTH paHr U 0a3ucC, HEMOCPEICTBEHHO
HOJIB3YSICh ONPEAEICHUEM, KaK 3TO ObUIO CAEIAaHO B PaCCMOTPEHHOM IIpUMeEpe. ITO
OOBSICHAETCS. TE€M, YTO INPU MOBEPXHOCTHOM PACCMOTPEHMU MHOXKECTBA BEKTOPOB
CJIO)KHO 3aMETHTh B HEM Kakue-nu0o JHuHelHble 3aBUcUMocTH. Ho, TeM He MeHee,
TaKyl0 3aJady MOXXHO PEIIUTh Ja)Xe B TOM ClIy4ae, KOI1a MHOXKECTBO COCTOUT W3

OOJBIIIOTO  KOJMYECTBA BEKTOPOB MPOCTPAHCTBA OOJBIION pasMmepHocTH. Jliis
yI00CTBA U3JIOKEHUS PACCMOTPHUM PEIIEHUE 33/1a4l Ha KOHKPETHOM MPUMEPE.

Ipumep 2.
Haiitu panr u kakoil-unOyap 6a3uc MHOKECTBA BEKTOPOB
g]_: (11 01 _11 1)1 a2 = (01 11 11 _1)1 a3 = (_11 11 01 1)1
34 = (1, -1, 0, 0), 55 = (0, 0,1, —1).

Pewenue.
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CocTraBUM UCXOIHYIO TaOJIUITY TaK, KaK MBI 3TO JICJIaN B CIIy4ae UCCIICIOBAHUS
MHO>KECTBa BEKTOPOB Ha JIMHEWHYIO 3aBHCUMOCTb B MpeIblylieM naparpade, T. €.
PaCIOJIOKUM BEKTOPHI 1O CTOJOIAM U TOJICYUTAEM KOHTPOJIBbHBIA cTonber. [locie
ATOTrO MpeodpazyeM TaOIUILy MO METOTY MOTHOTO UCKITIOUEHUSI.

a a, a a, a; 5>
1 0 1 1 0 1
0 1 1 1 0 1

1 1 0 o (1 1
1 1 1 0 1 0
1 0 1 1 0 1
0 1 1 1 0 1

1 1 0 0 1 1
0 0 O 0 1

O 0 0 1 0 2
0 1 0 1 0 0

1 1 0 0 1 1
0 0 1 0 0 1
1 0 0 1 0 2

1) o 1 0 0
1 0 1 1 3
1 0 1
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W3 nocinegHeil TaOMUIBI BUAHO, YTO JIMHEHHO HE3aBUCHUMBIMU SIBIISIIOTCS
cienyromnue 4 Bexktopa: &y, a5, 83 u ds. CinenosarensHo, I = 4. Yto kacaercs Oasuca,
TO TEPEUYUCIICHHBIC BBIIIE BEKTOPHI 00pa3yroT ero B JiroboMm mnopsiake. Hampumep:
{51, 32, 53, 35} 0] 051 {52, 55, 31, 53}, N {55, 511 53, 32} UT. O.

Kak paznoxuTh BEKTOphl MHOXKECTBA 10 6a3ucy? PaccMoTpum perieHue 3Ton
3aJ1auu JIsl BEKTOPOB M3 MPEIbLAyIero npumepa. Kak OyaeT mokasaHo HIDKE, HCKOMOE
Pa3NIOKEHUE BEKTOPOB YK€ COAEPKUTCS B TTOCIEIHEH Ta0IuIIe TpruMepa 2, IpU STOM
0a3nCcHBIE BEKTOPHI y100HEE OpaTh BO BIIOJIHE OMPEICICHHOM MOPSIIKE.

IlepBbiM Oa3UCHBIM BEKTOPOM BBIOMPAETCS TOT BEKTOP, y KOTOPOro B
nocjenHel Tabiuie eluHUIla CTOMT Ha IEpBOM MecTe, T. €. B NEepBOM CTpoke (B

MPEIBIIYIIEM IPUMEPE 3TO BEKTOP 1 ); BTOPHIM — TOT BEKTOP, Y KOTOPOTO €AWHHMIIA
CTOUT Ha BTOPOM MECTE, T. €. BO BTOPOW CTpPOKE (B IaHHOM CIiydae 3TO BEKTOp dy),
TPETBHM — BEKTOP C €IMHUIICH Ha TPETheM MecTe (BeKTop ds) 1 T. 1. Takum oOpaszom,

6a3uc 1e1eco06pa3Ho BEIOPATh ClieyomuM obpasom: {18y, y, 8s, ds}.

Ipumep 3.
Pa3li0xuTh BEKTOpPHI U3 mpuMepa 2 1o Gasucy {8y, 8y, 8s, a3}

Peuwenue.

Paznoxxenune 6a3uCHBIX BEKTOPOB OYEBUJIHO:

a=1-a+0-a,+0-a;+0-83=(1,0,0,0),
a,=0-3+1-a,+0-a;,+0-a;=(0,1,0,0),
a;=0-a,+0-a,+1-8;+0-8;=(0,0,1,0),
a;=0-8,+0-a,+0-a;+1-3;=(0,0,0,1).
O6paTuM BHHMaHHE HAa TO, YTO MMEHHO TaKOW BHJI MMEIOT IEPBBINA, BTOPOH,
NATBIA W TPeTU CTONOLBI TocieaHed Tabmuubl npumepa 2. Takum 00pazom,

pasfiokeHre Oa3uCHBIX BEKTOPOB B KOOPAMHATHOM (opmMe COAEpKUTCA B
COOTBETCTBYIOIIUX CTOJIOAX BBIIIEYTOMSIHYTOM TaOIUIIbI.

3ajaua (haKTUYECKH CBEJACh K Pa3lIOKEHUIO HEOa3MCHOrO BEKTOpa 8, II0

BbIOpaHHOMY 0a3ucy, T. €. K IOUCKY TakuX A1, A2, A3, A4, YTO BBIIOJIHSIETCS PAaBEHCTBO
54 = ﬂ,lal + 2232 + 1335 + 1433.

[Tepenuriem 3TO paBEHCTBO B KOOPJAMHATHOM (hOpMe, 3aITUChIBast AJi YA00CTBA
BEKTOPHI B BUJIE BEKTOP-CTOJIOIIOB:
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-1 1
= + A + +4
0 1 -1 -1 1

OTKYyHa CJICAYCT, 4YTO

1,404, +0- 4y —1- 2, =1
0- A, +1-4, +0- 2 +1- 4 =1,

1-1- 4,412, +1- 4, +0- 2, =0,

12,12y ~1- 2, +1- 4, =0.

JUist permieHust ’TOM CUCTEMbI YPAaBHEHH COCTABUM TaOJHILY

3 3, a a 3, 3
1 0 0 -1 1 1
0 1 0 1 -1 1

-1 1 1 0 0 1
1 -1 -1 1 0 0

OueBHIHO, YTO 3Ta TaOJIUIla UMEET TaKOW e BUJ, KaK U UCXOJIHAs Ta0auIa B
npuMepe 2, TOJIBKO €€ CTONOIBI mepeynopsaodeHsl. [IpeoGpa3oBaB MoTyYEeHHYIO
Ta0IMITy IO METOY MOJHOTO UCKITIOUYEHUS (MIPUYEM BBIOMpasi BEAYITUE DJIEMEHTHI TaK
e, KaK 3TO MPOUCXOAWIO B MPEBIAYIIEM PUMEPE ), MOTYUYUM OKOHYATEIHHO:

|
=
w o N

W3 sroit Tabmunel HaxomuM A1 =1, Ao =-1, A3=2, 44 =0.

Cre1oBaTelbHO, PA3IoKeHne BeKTopa 8, 1o 6asucy {8y, 8y, as, 83} nMeeT BUL:
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54 :1‘51—1‘52 +2§5 +O‘g3:(l,—1,2,0).

OOpaTuM BHUMaHUE, YTO B TIOCJEAHEN Ta0uIle puMepa 2 4eTBEPTHI CTONIOeI
MMEET TaKoW K€ BH[, T. €. pa3jioKeHHe HeOa3MCHOrO BEKTOpa 84 B KOOPAMHATHOM

dbopme (Tak ke, Kak U Oa3UCHBIX BEKTOPOB) TOXKE COJIEPKUTCS B COOTBETCTBYIOIIEM
CTOJIONE ToCIeHEN TaOIUIIbI BRIILICYTIOMSIHYTOTO IIpUMEpa.

CrnenoBaTenbHO, JIBE 3a/laud: HaXOXJACHHE 0a3zuca U paslioKeHUE BEKTOPOB
MHO’KECTBa M0 6a3ucy MOKHO peliaTh OJHOBPEMEHHO.

[TonBenem UTOT U3JI0AKEHHOMY BBIIIIE.

Jisi TOro, 4ro0bl HAMTH KAaKOW-HUOYAb 0a3MC MHOXKECTBA BEKTOPOB H
Pa3J10:KUTH BEKTOPbI MHOKECTBA 110 BLIOPAaHHOMY 0a3HCy, HEOOXOAUMO:

1. CoctaButh TabmuIly, 3amMucaB BEKTOPHI IO CTOJOLAM, W TIOJACUUTATh
KOHTPOJIbHBIN CTOJIOEII.

2. IlpeobpazoBaTh NOIYUYEHHYIO TAOJIUILy 110 METOY MOJIHOTO UCKJIFOUEHUS.

3. B kauectBe 06a3uca BbIOpaThb BEKTOpBI, COOTBETCTBYIOIIME Oa3UCHBIM
CTOJIOLIaM, NMPUYEM MEPBBIM — TOT BEKTOpP, KOTOPBIH COOTBETCTBYET Oa3UCHOMY
CTOJIOLY C €IUHUIIEH B MEPBOMl CTPOKE, BTOPHIM — C €IUHMIIEH BO BTOPOM CTPOKE U
T. J.

4. Tlocnemusiss Tabmuua OyAeT coAepKaTh pa3jOKEHUE BCEX BEKTOPOB
MHO’KECTBa IO BBIOpAaHHOMY Oa3ucy B KOOpAMHATHOHN (opme: mepBbii cTonder —
pa3NoKEeHHE MEPBOr0 BEKTOPa, BTOPOH — BTOPOTO U T. 1.

Ipumep 4.
Haiitu kakoit-uuOyap 6a3uc MHOXKECTBA BEKTOPOB:
gl: (1’ _11 25 1)1 gz = (01 15 _11 0)1 33 = (15 O; 15 1)1
a4 =(2,-1,3,2), 8 =(1,-2,3,1)

Y Pa3JIOKUTh BEKTOPhl MHOKECTBA MO BEIOpaHHOMY 0a3ucy.
Pewenue.

1 0 1 2 1 5
-1 (1) 0 -1 -2 -3
2 -1 1 3 3 8
1 0 1 2 1 5
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1 o (3 2 1 5

1 1 0 1 2 3

1 0 1 2 1 5

1 0 1 2 1 5

1 0 1 2 1 5

1 1 0 1 P 3
S S S S — R -
S S I R g Y, S Y, S—

1 o (1 2 1 5

1 1) o 1 ! 3

N3 nocnenneit Tabiuiibl cieayeT:
1) {83, a,} — 6asuc nanHOrO MHOKECTBA BEKTOPOB;

2) pa3ioeHre HeGa3HCHBIX BEKTOPOB MHOMKECTBA Mo Oasucy {ds, dy} nMeer
BU/I:

312(1,—1)21-534-(—1)-32 233—52,
a,=(2,-1)=2-a,+(-1)-a,=2a;,-a,,
35=(1,—2)=1-§3+(—2)-§2253—252.

CnenaeM TIPOBEPKY, BOCIOJB30BABIINCH TMPEACTABICHHEM BEKTOPOB B
UCXOIHOM Oasuce:

3,-3,=(10,11)-(01-10)=(-1 2 1)=a,
28,-3,=2(1,0,1,1)-(0,1 -1, 0)=(20,2 2)-(0,1 -1 0)=(2, -1, 3 2)=7,,
3,-24,=(10,11-201 -1 0)=(10,1,1)-(0,2 -2 0)=( -2 3, )=,

Bce paBeHCTBa BepHBI, CIIEOBATENbHO pPa3JIOKEHHE BEKTOPOB MO Oa3ucy
HANJEHO MPABUJIBHO.

Bonpocsl 1J1s1 CAMOKOHTPOJIsI

1. Kakue npeoOpa3oBaHus CUCTEMbl YPaBHEHUN HA3bIBAIOTCS JIEMEHTAPHBIMU?
2. Kakue cucteMbl ypaBHEHUN Ha3bIBAIOTCS SKBUBAJICHTHBIMU?
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3. OnummTe OAMH 1Iar METO1a MOJHOTO UCKITIOYCHHUS.
4. Kakue HeM3BECTHbIEC HA3bIBAIOTCS OA3UCHBIMU, CBOOOAHBIMU?
5. Urto Takoe o011ee pelieHre CUCTEMbI JIMHEHHBIX YPABHEHUI?
6. Kakoe pemenue cuctembl ypaBHEHMH Ha3biBaeTcsi 4acTHbIM? CKOJIBKO
YaCTHBIX PEIICHUN NMEET HEeOoNpeIeJIeHHAs! CUCTEMa ypaBHEHUI?
7. Kaxkoe penienue Ha3bIBaeTcst 0a3MCHBIM?
8. Omnuummre peuieHue CUCTEMbl ypaBHEHUN TaOJIMYHBIM BapUaHTOM METOJa
MTOJIHOTO UCKITFOUEHHS.
9. CdopmynupyiiTe npaBuiIo MpsIMOYTOJIbHHKA.
10. Kax mpeobpasyetcs Tabnuia no GopmyaaM MOTHOTO UCKITIOUEHUS?
11. Kakoii BuJ uMeeT UCXOAHAs TaOJMIla MPU PELICHUM CUCTEM YpPaBHEHUM C
OJIMHAKOBOW MaTpPHUIICl CUCTEMBI?
12. OnummTe anropuT™M HAXOXKACHHUS OOPATHON MaTPHIBI METOJIOM IOJIHOTO
UCKJTIOUCHHUSL.
13. B kakoM ciy4yae MOXHO CIelaTh BBIBOJ O TOM, YTO HCXOJHAas MaTpuua
BBIPOXKJICHHAs?
14. CdopmynupyiiTe yciaoBue JUHEHHON 3aBUCHMOCTH MHO>KECTBA BEKTOPOB.
15. OnuimmTe anropuT™M HUCCIENOBAaHUS HA JIMHEHHYIO 3aBUCUMOCTh MHOXECTBA
BEKTOPOB.
16. Yrto MOXKHO cKa3aTh O IMHEHHOMN 3aBUCUMOCTH ITHU BEKTOPOB B POCTPAHCTBE
R4? OtBeT obocHy#TE.
17. Yto Ha3pIBaeTCs paHroM U 0A3UCOM MHOKECTBA BEKTOPOB?
18. [laiiTe ompenenenne pa3noKeHUsT BEKTOpa MHOXKECTBA 1Mo 0aszucy. UTo Takoe
KOOpPJIMHATHI BEKTOPA B 3TOM Oa3uce?
19. OnummTe anropuT™M MoWcka Oa3uca MHOXKECTBA BEKTOPOB W Pa3NIOKCHUS
BEKTOPOB MHOKECTBA M0 BEIOpaHHOMY 0a3ucy.
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JAK/IIOYEHUE

ABTOpBI CYUUTAIOT, YTO 00YUYEHHE SKOHOMUCTOB MATEMATHKE HEJb3s MOJIMEHUTh
oOyueHHeM psay €€ TPWIOKEHHHA U METOAOB, HE Pa3bACHSA CYIIHOCTH
MAaTEMATUYECKUX MTOHATUN U HE YUYUTHIBAS BHYTPECHHIOIO JIOTUKY CAMOW MAaTEMAaTHKH.
Tak moAroToBICHHBIE CIICHUAIUCTBI MOTYT OKa3aThCs OECITIOMOIIHBIMU MPU U3YUYECHUU
HOBBIX KOHKPETHBIX SIBJICHHM, IIOCKOJIBKY OyIyT JIMIIEHbl HEO0O0XOJIUMOMU
MaTeMaTH4YeCKOW KyJbTYpbl W HE TMPUYYCHBI K PACCMOTPEHHIO aOCTPaKTHBIX
MaremaTudyeckux wMozeneil. [lo MeHbIIer Mepe HEeoOXOIUMO TOJIyYCHHE HMHU
PaBUJIBHOTO OOIIEro NPEACTaBICHUS O TOM, YTO TaKoe MaTeMaThKa, B YeM
3aKJIF0YAETCsl MAaTEMATUYECKUM MOAXOJl K M3YUYCHHUIO SBJICHUM peaJbHOr0 MUpa, Kak
€ro MOKHO ITPUMEHSITh U YTO OH MOKET JaTh.

MaremaTuka MNOpeaCTaBIsIeT €000 CTPOHHYI0 U TIyOOKYH0 COBOKYITHOCTH
3HAHUWA O MaTeMaTHYECKUX CTPYKTypax CO CBOUMH MpoOieMaMHu, C COOCTBEHHBIMHU
MyTSIMA Pa3BUTHUS, OOYCIOBJICHHBIMU BHYTPEHHHMMHU M BHEIIHUMH NPUYUHAMHU U
3ajjauamMu. MaremaTuka TMpeACTaBIIeT MHTEpPEC MPEke BCEero cama mo cede, Kak
COBOKYITHOCTh OOBEKTHMBHBIX HMCTHUH. Kpome Toro, mMarematuka JaeT yJaoOHBbIE U
IJIOIOTBOPHBIE CITOCOOBI OMTUCAHUSI CaMBIX Pa3HOOOPA3HBIX SBJIICHUIN peaIbHOTO MUpa
1 TEM CaMbIM BBITIOJHSET B ATOM CMBbICIIE (PYHKIMIO SI3bIKa. DTY POJb MaTEMaTHKU
nmpekpacHo oco3HaBan emié lammnedt, ckazaBmmi: «®duiocodus HamucaHa B
rPaHINO3HOM KHUTE — BCEIeHHOM, KOTOpask OTKPbITA HAILIEMY ITPUCTAIIBHOMY B3IJISITY.
Ho noHATh 3Ty KHUTY MOXET JIMIIb TOT, KTO HAYYUJICS IIOHUMATh €€ SI3bIK U 3HAKH,
KOTOPBIMH OHa M3JI0keHa. HanrcaHa ke oHa Ha A3bIKE MATEMATUKH. ...
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Kto ¢ nerckmx et 3aHMMaeTcs MaTeMaTUKOW, TOT pPa3BUBACT BHHMAaHUE,
TPEHHUPYET CBOI MO3T, CBOIO BOJIIO, BOCIIUTHIBAET HACTOMYNBOCTH U YIIOPCTBO B
JTOCTHXEHUH 11esd. (A. MapkyiieBud)

Pano wimM mno3mHO BCsiKash MpaBWIIbHAsS MareMaThuecKas HAes HaXOJUT
npuMeHeHue B ToM win uHoM aene. (A. H. Kpbiios)

PasBe THI HE 3aMETHII, 9TO CIIOCOOHBIN K MaTEMAaTHKE M30IIPEH BO BCEX HAYKax
B nipupoje? (Iliaron)

Bb11o 651 X0po1o, eciau Obl 3TH 3HAHUSA TPEOOBAIO caMO IOCYJIAapCTBO U €CIH
Obl JMI, 3aHUMAIOIIMX BBICHIME TOCYAAPCTBEHHBIE JOJDKHOCTH, MNPUYyYaId
3aHMMAaThCsl MATEMATUKOW U B HY>KHBIX CIIydasX K Heil oOpamateca. (ITnaron)

Haykun maTematnyeckue ¢ camMoi TIIyOOKOW ApeBHOCTH oOparmaimd Ha cels
ocoOEHHOE BHUMAaHHE, B HACTOSIIEC BpeMsi OHHU TONYYHIH eImle OoJbIie
UHTEpeca 10 BIUSHUIO CBOEMY Ha HCKYCCTBO H  IPOMBIIIJICHHOCTb.
(T1. JI. YeObimieB)

Martematuka ecTh Jydlllee U Jake €IUHCTBEHHOE BBEJICHHE B HU3Y4YCHUE
npuposl. (. U. ITucapes)

BroxHoBeHHe HyKHO B T€OMETPUH HE MeHbIIIe, 4eM B 1mo33ud. (A. C. [Tymkun)

["'eoMeTpust MoJIHA MPUKITIOUEHU, TOTOMY YTO 3a Ka)XJ0i 3a7aueil CKpbIBaeTCA
MPUKITIOYEHUE MBICITH. PelmmTh 3a/1auy — 3TO 3HAYUT NMEPEKUTh TPUKITIOUCHUE.
(B. IlpousBoiioB)

B wmarematuke ecTh CBOS KpacoTa, Kak B JKMBONUCH U TIOI3UH.
(H. E. XXykoBckuit)

MarteMaTuKy yxe 3aTeéM YYUTh HaJI0, YTO OHA yM B TIOPSAIOK MPHUBOIUT.
(M. B. JlomoHOCOB)

Martematika — OTO $3BIK, Ha KOTOPOM TOBOPSAT BCE TOYHBIC HAYyKH.
(H. Y. JloGaueBckuit)

NMeHnHO MaTeMaTuKa JaeT HaJICKHEHIINE MPaBUiia: KTO UM CIIEyeT — TOMY He
oracen ooman uyBcTB. (JI. Ditnep)

[udpe! (uncna) HE yOpaBISIOT MUPOM, HO OHU MTOKa3bIBAIOT, KaK yIPABIISAECTCS
mup. (1. T'ete)

beiio Ob1 nerue octaHoBuTh CoOJHIE, Jierde OBUIO CABHUHYTH 3E€MIIIO, YeM
YMEHBIIUTh CYMMY YTJIOB B TPEYTOJIbHUKE, CBECTH MAPAJIIEIINA K CXOXKICHUIO U
pa3ABUHYTH NEPIEHIUKYIIAPHI K MpsiMoit Ha pacxoxaeHue. (B. @. Karan)

Cder u BBIYHMCIICHUS — OCHOBA Topsiika B rosiose. (Ilectanorm)
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